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prefac:e. 



The Problems and Examples which I published as 
a companion to my Course of Mathematics were, with 
a few exceptions, unaccompanied by solutions ; one prin- 
cipal reason for adopting that method was, that it seemed 
to be a better exercise for a student to attempt the 
solution of a problem without the assistance which may 
be derived from inspection of the method to be adopted, 
or perhaps even from mere knowledge of the result. 
This opinion I still hold; and I shall be sorry if the 
present volume be found to impair the usefulness of 
the other, a result which must ensue if its pages be 
consulted before the student has fully exercised his 
own powers in attempts at independent solution of the 
problems. 

A volume of solutions of my Collection of Problems 
and Examples being much demanded, and my own en- 
gagements rendering it impossible for me to undertake 
the work, I entrusted the execution of it to the Rev. 
W. W. Hutt, Fellow and Sadlerian Lecturer of Caius 
College, That gentleman kindly undertook the office. 



IV PREFACE. 

and ha3 prepared the work for publication as rapidly 
as the pressure of other engagements would allow. 
Mr Hutt has been assisted in a considerable portion 
of the work by Mr P. H. Mason, B.A., Scholar of St 
John's College. 

The references throughout the following pages are 
to the second editiw of my Course of Mathematics. 

H. GOODWIN. 



Cambridge, 
Mayy 1849. 
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USE OF SYMBOLS. 



In these Examples each letter must be replaced by the 
number of which it is the representative (Art. 2). The ex- 
pressions thus obtained must then be reduced bv Arithmetical 



ERRATA. 

Page 21, line 18. The value of a' should be the square of that in the text. 

— 22. The observation on Ex. 34 also applies to Exs. 24, and 33. 
_ 49, line n, for ar^'^^^ read arP^'K 

— 53, last line, for (p-r) read (r-p), 

— 66, last line but one, for 32 read 13. 

— 134, line 20, for W read W, 

An additional list of errata will be published, if necessary, on the first of October. 



5. If aty ffy « he replaced by their given values, the 
given expression becomes 

(1+ S + 5) (I + 3 - 5) (1 + 5 - 3) = 9 (- 1) (S) = - 27. 

7. Replacing the letters by their numerical values, we 
have 

a« + fe2 + c^ + 2a6 + 2ac + 26c =1 + 4 + 9 + i + 6 -f 12 « 36, 

also 6ahc = 6x1x2x3 = 36, 
and a^ + 6* + c'* « 1 + 8 + 27 = 36, 

each of the given expressions being equal to 36, it follows that 
they are equal to each other. 

A 
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Similarly, a* + 6* + c* = 98 = 14 (a + 2 c), 

a* + 6*= 33= lie, 
a* - 06 + 6* = S^c, 
and (a + 6) (a + c) (6 + c) «= 60 « I0a6c. 

8. Answers. 182, 64, 48, - I6, 7245, 3720. 

9. When w^S, 

ar* - 3ar* + 3af - 1 = 27 - 27 + 9 - 1 = 8. 

10. When w = ^, 

v/| - 07 + \/i^ - I \/l - 4a; = \/f - 3^^ + \/j - | v/l - ^ 

= v^S + v^i-3v^^=2v/| + x/|:-3>/|:=o. 

11. Ans. (0/ + y)iy aa?i + fe?a?i + ci . a?*, ai, ai . 6^ . ci 



ADDITION. 

1. Ans. 407* + Saw + 2a\ 

2. ... 40?'" + 500?"*-^ + 4a'a?*""*-5a"'. 

3. ... 4o + 46 - 3c + d, 

4. ... 6a — d, 

5. ... 4a^-o*6-2a6^ 

6. ... 2a6 + 2ac - 2od + 26d - 26c +2cd. 

7. ... 2a^b - a^c-^ a^d -hb^c -^b^d- abc. 

8. ... (60 - 4c) 07. 

9. ... 2aa7. 

10. ... (2a?-5y)y. 

11. ... (7a + 36) a; - (0-66) y. 

12. ... 4!a'- 2b -2c -¥ 2d. 



ADDITION. SUBTRACTION. 



IS. Ans. So' + a?b + a(? + ah^ - 6'c. 
14, ... Sa^-^a^V-^hK 



15. 
16. 

17. 

18. 



. o«6V + 4o6»c« + abc^ + 6a«6* ^ 5^ 

. Sa* + 66«. 

. 20So' - 157o*6 + 60o6* + 96'. 

. 1750* - 21o«6 + 190*6* + 20o6« - 86*. 



SUBTRACTION. 



1. Ans. o + 26-2c + 4d 



2. 
S. 
4. 
5. 
6. 

7. 
8. 

9. 
10. 
11. 
12. 
IS. 
14. 
15. 

16. 

17. 

18. 



- o + 6 + 5c. 
ay + 46y + 2ojir - 26». 
2o*d? + 2aby - S6*». 
3a^ + o*ar + 14o^' + 5a^. 
Saw + 5Say - 42607 -f 269. 
6ai6i - o'-f 56*. 



So - 116. 

-(o-d)(^'-!^)-(6 

(o - 6 + d) o?'^^ - (o + 6 

4j^ - 9a?y^ 

o + 46 - Sc + 2d. 

3a? + 4o«6 - 7o6». 

2o* + So'6 + 0^6' + 06'. 

- 100*6 + o'6« + 2o^6» + S06* + 26*. 

20* -406^+66*. 

-26*-2c» + 2d^ 

220' + 6o«6 - 40o6* + 506». 



c) 0?® - (o - 6 + c) y*. 
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MULTIPLICATION. 



1. Ans. a^x^y^, 

2. ... o*a;*. 



S. 
4. 



5. 
6. 



7. 
8. 

9. 
10. 



.. o' + ft'* + c' - a^b + 3a*c - ab* + Sac* - 2a6c 

— b^c - fee*. 

7 7 

.. w + y . 

.. 2a'6 - 5a' 6» - lla*6' + 5o*6* - 26a'fe* + 7a*fe' 

- 12 a 6'. 

.. a?4 + 2a/ - 2a?* + 7^4 - 2. 



m 



m— n 



2m— n «— n 



.m + n _-m + n 






-(^y) 



m +n 



tn-^n 



m 



m 



+ ^~+'».y~+« + (a?y)'"+'' 



m— n 2m— n 

- ^ .y + y. 



11. ... a^+ 6^ + c^ - 3a6c. 

12. ... 2a'6« - a%c - a'6c« - a'6V + a'6^c. 

IS. ... a;' - 6a;* + 110? -6. 

14. The product of two quantities of the forms a + 6 
and a — 6, where a and 6 are quantities containing more than 
one term, may be readily found by the formula 

(a + 6) . (a - 6) = a* - b\ 

In the example the product of the first two factors 

= {(a7*+l)-2a?}.{(a?*+l) + 2a?} = (a7Vl)'-4cr* = a?*-2a?*+l, 

and the product of all three is 
.-. = {(a?* + 1) - 2ar\ {(a?* + 1) + 2a?*} ^ (a?* + if - 4a?* 

= a7« - 2a?* + 1 = (a?* - 1)*. 



MULTIPLICATION. DIVISION. 



15. 
16. 

17. 



18. 



Ans. a;' — (o + 6 + c) a?* + (ab + ac + be) w - abc. 



6 l6 



... O — O . 

+ (a&e + a&d + acd + bed) a; + abed, 

... l-a;»+^ 



19. ... cv* + 5ar* + lOo?* + 10a?* + 5a; -I- 1. 

20. ... aP9 - o^ . b^'i-'^^P - a^^-')-? . 6^ + 6^«. 

21. ... a'-646». 

22. As in Ex. 14, The product of the two fkctors 

-{(-F)^(l*r)}-{(-")-^?)} 



= (l + T - - + -=! + — a?*- — a;* — -. 
\ 3/ \2 4/ 12 36 l6 

23. Ans. a -I- a^fc^ + &• 

24. ... 182a' -52ol5i- 1190*6+ 34o*6» + 42aJ6a-126'. 



1. 

2. 
3. 
4. 
5. 
6. 
7. 

8. 



Ans. 



DIVISION. 

a* - a'6 + o«6« - 06' + 6*. 
al - aifei -|- 6*. 

^* "" (P "• 1) ^* - (P "• 9 " 1) ^ - (p - 1) ^+ 1. 
(a; - 1) a -I- a?^. 

07 + a?iyi + y. 

a;<P-i>« + w^f-^^^ + a?^^-'^^ + + a;* + a? + 1. 



2 



3a? 



+ 6. 
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9. Ans, a^ ^Sw -^ 3y. 

10. ... 4a«-6a6-8fe«. 

11. ... o* - a^b + o»6« - ab^ + 6*. 

12. ... 1— 2^ + jr^. 

IS. ... a«-2a6 + 6*-c*. 

14. ... o* + 2o*6^-aV + 6* + 6V. 

15. ... ^* + 407*^ + Ga^y^ + 4^y' + y*. 

16. ... ^* + 4ar'y + eo^'y* + 4a7y^ -I- y*. 

17. ... ^' +2af*y4 -i-y'- 

18. ... a?' - 2^iyi + y*. 

19. ... 1 + a? + 0?' + a?* + &c. 

..9 3 4 

20. ... 1 -2. - + 2.— -2.— o +2.-4 - &c. 

a cr a a 

21. ... 1 - d7* - 07* + 07* + a/*^ - &c. 

22. ... 7a* + 6*. 

23. ... 60* - 4a6 + 26". 

24. The reasoning in the text is not conclusive because 
the equation 

» 1 - 07 + or - 0? + 85c. 

1+07 

is not true, unless the remainder at some stage of the operation 
be taken into account. On putting 07 » 1, the second side of 
the equation cannot be said to be equal to 

1 — 1 + 1 - &c. * ad infrntumy 

because in this expression the fractional remainder is entirely 
left out of consideration. 



GREATEST COMMON MEASURE. 



GREATEST COMMON MEASURE. 
1. a^-6«>)a« + 2a6 + 6Hl 



2ab + 26* 



rejecting the factor 26, which is manifestly not a common 
measure, we have a + 6 for the new divisor ; a^ — b^ is exactly 
divisible by a + 6, which therefore is the g.c.m. required. 

2. Ans. a -h b; the factor b^ being rejected from the 
first remainder. 

3. ... a + 6. 

4. ,,, ^ — 1. 

5. Multiply the ^rst of the given expressions by 4, and 
divide the result by the second ; rejecting the factor (y) from 
the remainder^ the new divisor is Sa^ + wy — isjf^, dividing the 
preceding divisor by this, the remainder is found to be divisible 
'^y (" ^9y) 5 rejecting this factor, the remaining factor 07 — y 
is the G.C.M. required. 

6. Ans. 12w — 5, 

7. ..• Bw + 1. 

8. ... 3a^ - /p+ I. 

9. ... Of — 6. 

10. ... (w-^ay. 

11. Dividing the second expression by the Jirst^ the 
remainder is found to be divisible by p — q: rejecting this 
factor, the new divisor is a^ -{- a^ —w --l ; divide the preced- 
ing divisor by this, and the remainder is divisible by p + qr-l ; 
a?* - 1 the remaining factor is the g.c.m. required. 

12. Divide nine times the second expression by the 
Jirst: the quotient is So? - (2 a + 6), and the remainder 

- (2a« - 4a6 + 2fe«) a? + (20^^ - 4>ab + 26^ a. 



8 ALGEBRA. 

rejecting the factor - {^a^ - 4a6 + 26*), the remaining factor 
a - a IS the g.c.m. required. 

[Obs. The second expression is multiplied by nine to 
exclude fractional remainders.] 

13. Ans. X - 2. 

14. The given expressions may be put at once under 
the forms 

{Sw - y) {3w - 2) and (2aP - y*) (Sa^ - 2) : 

3w ~ y and 2«^ - y"*' manifestly have no common measure, 
S/r — 2 is therefore the g.c.m. required. 

15. Ans. 12/P 4- 5. 

16. Arrange the given expressions according to descending 
powers of y, and divide the^r*^ by the second^ the remainder 
is divisible by w* + ^, which is not a common measure, the 
remaining factor /v* — y^ is the g. c. m. required. 

17. Ans. o^ + (a« + a) y 4. y«, 

18. ... a^ ~ w + 1. 

19. ... a?*-2a? + l. 

20. ... 5^ - Sa? + 4. This, and Ex. 29, are very 
tedious on account of the high numbers introduced : great care 
is requisite in working them out. 

21. It will be found that a? + 4, the g.c.m. of the Jirst 
and second expressions, is a measure of the third ; it is there- 
fore the G.C.M of the three. (Art. 29). 

22. Ans. 2 a?*. 

23. ... a + 3w. 

24t. Divide the ^rst expression by the second ; the re- 
mainder is divisible by (a — 6) : reject this, and the new 
divisor is a^ — 2 aw* + a*x - 6* (a + 6), divide the preceding 
divisor by this, and the remainder is divisible by a(a -{- 26), 
the quotient »* - (a - 6) /r + 6* is the g.c.m. required. 
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25. Ans. a? - 6. 

26. ... (a?-l)'. 

27. ... 5ar*-l. 

28. Reject the factors p, and (— m) of the two expressions, 
and the g.c.m. of the quotients is found to be ^ - ^, which 
therefore is the g.c.m. required. 

29. Ans. a^ + fl?* - 5a? + 3. 

30 f The last term in the second expression should be 
— 2 ; it will then be found that the expressions may be put 
into the forms 

(e'' - 1) (a^ + 1) and {? + 1) [a" (e* + 1) - 2} : 
€* + 1 is therefore the g.c.m. required". 

LEAST COMMON MULTIPLE^ 

1. The G.C.M. of ^r?* - 1 and (a - 1)* is (a? -• 1), there- 
fore their l.c.m. 



ti? — 1 



X (a? - 1)* = (a? + 1) (a? - 1)* = a^ + a?* - a? - 1. 



a? -1 

2. Ans. 9^*- 87a?^+ 312»*- 492a? + 288. 

3. ... 36^?^- 30ti?* - 50a*a? + 24a^ 

4. The L.C.M. of the ^r«^ and second expressions is 
ifOf^ — 1, the L.C.M. of this and the third or l6a?* - 8^ + 2«a7- 1 
is the L.C.M. required. 

5. Ans. a?* + 6af^ + Sa^ - 26a? - 24. 

6. ... 8 (l - a? -0?* +^). 

7. The given expressions may easily be reduced to the 
forms 

(a?^l)% (^-l)«(^H-l)v (^-1)'(^ + 1), (a?-l)H^+l). 
Their l.c.m. therefore 

» (ct? - 1)^ {w +l){a^ + 1) 

= a?^ - 2^p* + a?* - «»* + 2a? - 1. 
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8. The G.c.M. of the two expressions «» ,r - 6, their 

L.C.M. 

= a?* - {5a + 6) a?* - (2So« - 5ab) w^ h- (ll7a' -f 23o*6) a^ 

- (90o* + 1170^6) a? + 90a%. 

9. Ans. a^-5a*b* + ^b\ 

10. ... a?* - 1. 

11. ... a' - o*ft - a*6« + 2o'6' - a«6* - ah' + 6^ 

12. The G.c.M. of the given quantities is 

o(Sa?^ - 2oa? + a*), 
and their l.c.m. is 

gOa^a^ + 45iiPaf* - 10a* a?^ + 15o*a?* + 10a® a?. 

IS. Ans. 12^* - 14ia^ - 2af. ■ 

14. ..• w^ - aP -k- x^ ^ 2^7* + a?' - a? + 1. 

15. ... w^ +2^* -/r - 2. 

16. ... 18a?* - 45^?^ + 370?* - 19^ + 6. 

17. ... 21a?*- 26a?' -55a?*- 6a? -24. 

18. ... 0?* - So?*- 19a?* + So?* + 180?. 



FRACTIONS. 

As the results are given in the Section under this head, 
those Examples only will be noticed which present points 
likely to cause difficulty to the Student. 

4. The first fraction is reducible to - • 

5. If the numerator and denominator of this complex 
fraction be each multiplied by 1 + 6a, it becomes 

a + 6a* + 5 - o (a* + 1) 5 



1 + 6a — a5 + a^ a*'* + 1 



6. 
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7. The L.c.M, of the denominators is 

(a - 6) (/r + a) (jc + 6). 

9. The last of the three fractions is reducible to 

10. The sum of the first two fractions 

--i-l \ \ I 

a - 6 \{a - c) (a? + a) {b — c) (j? + 6)J 

1 J 6* - 5c - o* + ac - (a - 6) a? I 
o - fe \(a - c) (5 - c) (a? + o) (a? + 5) j 

1 ( c (o - 6) - (q' - V) '-(a-'b) w ^ 
o - 5 \ (a - c) (ft - c) (a? + a) (a? + ft) / 

c — a — 6 — ^ 



(a - c) (ft - c) (a? + a) (a? + ft) ' 

The sum of the three fractions 

c "a "h — (JB 1 



(o - c) (ft - c) (a? + o) (^ + ft) (a - c) (ft - c) (a? + c) 

c* . ac — fte + aft 1 

(a-c) (ft-c) (a? + a) (^ + ft) (a? + c) " (^ + a)(a?+6)(a? + c) 

U. The given expression 

(1 + v^i) « - 4^ (1 - >/5)cr - 4. 



— d7 + 2 - v/5/r 2/r* - ^7 + 2 + \/5a? 

2 (a? - 4) (2a?* - ^ + 2) + 2 \/l(ff . v/i^ 
(2a?*-a? + 2)*-5a^ 

0?'- 2^ + 3^7- 4 



13. The given expression 

{w + v^a?' - 1)^ - (gy - \/a?^ - \y 
* a^ - (v/a?« - \y 
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15. The sum of the first two fractions is found (as 

ab -^ cw 

in Ex. 10) to be -— — ; the sum of 

(a - c) (6 - c) (a? - a) {w — h) 

this and the remaining fraction gives the result. 

16. The sum of the first two fractions 

a6(ay4-c)-cay(q-f6) 
■"(o-c)(6-c)(a;-o)(^-6)- ^^^•^"J- 

17* The sum of the first two fractions in this case 

a5 (a? + c) - c«jp (a 4 ft -I- 1) + a5 -f a + 5 - (<r + c) 
(a - c) (6 - c) (a? - o) (a? - ft) 

20. This Example will be solved easily if we replace 

c? + w^ and a' - a?' by (a + ^) . (o* - o^p + a?*), 
and (a — at) (a* + ««» + ^), 
respectively. 

21. The given expression 

(^ - 5) (^ - 4) (a? - 6) (a? - 7) 
0? (a7 — 6) ^ (a? — 5) 

(a? - 4) (a? - 7) _ 0?* - llo? + 28 

23. In Examples of this kind, begin the simplification at 
the lowest part of the Example : thus 

OB 1 4- 3a? + 2/p* + x^ 

1+^7 + 



1 + ^7 + a?'^ l+<r + 

w 1 +a? + ^ 

•*• I + '^ = 1 + ^ X ; -3 3 

1+07 + i l + 3a? + 2ar + a? 

1 + a? + a?* 



.« . ..8 



1 + 4<r + Sar + a/ 



1 +3a? + 2«»* + a7 
,37 + 3^p* + 2a?^ + <2?* 

and the given expression ° ^ ^ ^^ ^'3^, ^ ^3 • 
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INVOLUTION AND EVOLUTION. 

1. Ans. wi - 2^J + 1 ; a?* - 2^7 + Sw^ - 2a?* + 1 ; 
a?* - 4^y + 6a^y^ — 4/rj^ + y*. 

2. ... a^a/^-^- Sa^bcfi -^Saiac + 6*)a/* + (6a6c + 6^)** 

+ Sc {ac + 6^) ^ + Sbc (6 + c) «r + c^ ; 

3. ... ^p* -4a?* + 6^ — 4a? + 1 ; 
a?* - aa?* + 24a7 — 32a?i -f 16 ; 
l6a? - QGati + 2l6a?i - 2l6a?i + 81. 

^ a w y \ wy xr ^ a w y • 

m 2m m m 

5. ... a*5»a?'"; o* 5a?* ; arai''^ff'^. 

8. Expanding, (l + a?)* + (I + a?)* + (l + ^)* 

1 + 2a7 + a?* 
+ 1 + 3a? + Sc^ + a?* 
+ l + 4a? + 6a?« + 4a?* + ^* 
^ S '\'9af'\' lOa?^ + 4a?* + a?*. 

9 and 10. See Art. (47). 

11. Ans. 2 + 2a7 + 9^* + 2a7*-4- 2a?*. 

12. The given expression 

« {[1 + Or - a?*)] . [1 - (^ - "^OlPO - -^ + O 
« (1 - a?* + 2a?* - a?*)^ (l - a? + a?^) 
« (1 - 2a?* + &c....) (l - a? + a?*) 
■s 1 - a? + a?* - 2a?* + &c., 
the coeflBcient of a?* is therefore — 1. 
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18 1 m 



IS. Ans. arar\ a^Vc""; 80*^; 9oM; 5a'"'*^'*6'""*-". 

14. ... a'^wP-^K 

15. ••• w "^ w + 1, 

16. ... ,1? -.a?i + 1. 

17. ... ^-2<r + S. 

18. ... ^'-a?* + 2^+3. 

19. ... 2a?y* - S^y + 2tr'. 

20. ... So?'- 2a?* + /r - 1. 

21. ... 5a^ - 8a*a? + «!?*. 

a b 

22. ... 0? + . 

3 2 

w 

23. ... la^ + 3. 

5 

24. In this and similar Examples, care must be taken to 
arrange the terms according to ascending or descending powers 
of some letter involved : the term involving the highest power 
of X in the denominator will be the term of lowest dimensions 
in x. To extract the square root of the proposed, arrange it 
thus: 



- - \/2 . - + -- - \/2 . ^ + ^ : 
y^ y 2 w or 

the square root of this is 

0} I y 

y v/S. ^* 

25. Ans. a? - 1. 

26. ... w + S, 

27. ... 2a;* +407 -3. 

28. ... a7*-2a? + l. 
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aw 

29. Ans. --; — 5. 

30. See Ex. 24. The arrangement of the terms is 

6^4 2 15 6 1 

the cube root of which is 

ci?* - 2 + - . 
a?" 

31. The fourth root is most easily found by taking the 
square root of the square root. The square root of the given 
expression is <r*-2a?^ + 3«»*— 2a? + l; and the square root of 
this is ^ — /r + 1, the required fourth root. 

32. Ans. 2€^ 4-^-3. 

33. The first term of the root is manifestly x^ subtracting 
x^ from the given expression, the first term of the remainder is 
— 5 a?*, and dividing this by 5x^ the quotient is - 1 : subtract- 
ing (a? — 1)* from the given expression the remainder is zero, 
a? — 1 is therefore the required root. (Art. 52). 

34. Ans. a?* + a? + 1. 

S5. This is proved by extracting the cube root of o?^ + 1 
to three terms. 

36. Ans. a?* + 2a? + 1. 



SIMPLE EQUATIONS. 

[As the answers are annexed to the equations and problems, 
those only will be referred to which are likely to present 
difficulties.] 

7. Multiply each side of this equation by 1 - j? (the 
product of the denominators). 

8. Multiply each side by 60 (the least common multiple 
of the denominators). 
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14. Multiply each side by (407 + 6) (2«r - a), then 

(64? + a) (2af - a) ■ (Sof - 6) (4<r + 6), 

or — 4o/r — a* as - 6^ - 5% 

or a? (5 — 4a) e o* — 5*, 

a« - 6« 

and .*. Of = ; . 

6 — 4o 

15. Multiply each side by 120. 

22. Transposing so as to have the radical by itself on one 
side, we have 

\/a* -i-bw + d^^b — a — Wy 

squaring each side, 

a* + 6a? + c»* = 6^ + a^ + a?^ - 2o6 - 26a? + 2aa?, 

6 -2a 



whence w ^ b , 



3b - 2a 



2S. Squaring each side, we have 



4a 4* <27 - 46 + 4(V + <!r - 4 \/baf + af\ 

transposing, so as to get the radical by itself, and dividing by 
4, we get 



\/btV + 0?* e 6 + <2? — a. 
Then proceed as in the last example. 

24. Transpose one of the radicals and square. 

27. I +w^ is divisible by 1 + a?, and 1 - co^ is divisible 
by 1 — ^, the fractions on the first side can therefore be 
reduced. 



1 \/l - a?- 1 

28. 



\/l - d? + 1 (y/l - J? + 1) (v/l - a? - 1) 

v/l -w - 1 _^ \/l - a? - 1 
1 - /p - 1 d? 
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similarly, the second fraction = , and therefore 

so 

the proposed equation becomes 

y/\ -w - I v^l + a? + 1 I 

+ = -, 



.•. V 1 + a? = \/l-cr-l. 

29. It is easily found that 

v/a + X 6+1 

\/a - a? 6 - 1 ' 

a -^ X (5 + 1)* 

* ^^.r " (5-1)'' 
whence a; is found. 

31. — p= is equal to \/<r - 1. 

y/ X + 1 

32. By transposition, we find 

X {.875 + .0625 - .15} = 1 + .2 + .375, 
or X (.7875) = 1.575, .'. a? = 2. 



33. Multiplying each side by \/ x + a, and transposing, 
we have 

\/cr^ - d^ ^h - X ^ a. 

34. Squaring each side. 



11 2 1 / 4 9 

X a \/ ax ^ ^^ ^ 

subtracting - from each side, and squaring again 







1 4 
a? ax 


+ 


4 


4 

= — + 
ax 


9 










X s/ ax 




or 


8 


4 


1 


2 
or - - 

X 


1 


or 


X 


= 4a. 




X \/ax 


V ax 


» 




















B 
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35. We easily find that 

Va — \/a^ — aw 1-6 



,\ squaring 



a - \/a* - aw /I - 6^ ^ 



a 



(^). 



or 



^ ^ " IT76 j " (1 + vf - vTr6y * 

c?-aw l^\/h\^ 
squanng ^^ = \^^ , 

whence a? = a < 1 - ( j > . 



\/l H-o? - 1 ^ (v/l +a? - 1) (v/l - a? - 1) 

V/I -a? + 1 (v/l - ^ + 1) (\/l - CD - 1) 

v/l - c^ — \/l - 00 — \/l + «r + 1 

— €0 

v/l - a? + 1 v/l - ^ + \/l + ^ + v/l - «» + 1 

so ^ = 

v/ 1 + ^ - 1 *''? 

therefore the proposed equation becomes, by substitution, 

2 vl -07 + 2 \/l +a? = aa?, 



.*. 4 (l + 0?) = o^tT* + 4 (1 - a?) — 4aa7 y/l - ^j 



or o^iji?^ - 8/17 e= 4aa? v/l — ^> 
dividing by as and squaring 

aV - l6a«a? + 64 = l6a* - 160^0?, 
.-. aV = 16 {c? - 4), 



or 0? = — \/a* - 4. 
a* 
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QUADRATIC EQUATIONS. 

7. a?^ - 21 = \/c^^^, 

.-. a?* - 42fl7* + 441 = <J?^ - 9, 

, 43 ±7 

.*. or = = 25 or 18 ; 

2 

.v s: :fe 5 or ±3 \/2- 

13. We easily find that 

*>/ sf — a* 0? — a 



^ 






a? + a 


^- 


a* 


= 


a?* - 2air + a* 

• 


,r» 


.t?'* +2aa? + a^ 



divide each side by x - a^ then 

,t7 + a 4? — o 



which gives a quadratic equation. 

fl? "■ 4 /"■ 

14. —7— — is equal to \/ as - 2. 

\/ai + 2 

.'. \/a? — 2 ■■ a? - 8, 

y- 1 25 

0? — V a? + - =5 — , 
4 4 

/- 1 ±5 

y/^ „ = 3 or - 2, .•. a? = 9 or 4. 

2 

15. The equation should have been 

a + «2? a " w 



s/a + \/a -I- a v/« - vo-f 



<v 



B 2 
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this gives, after multiplication and transposition, 

2 a v/o + ^ = 207 \/«f 
whence c? -k- aw =i nf^ 

which gives a? a= - (l ± v 5). 

2 

16. Squaring each side, we have 

a?* + ^ v/^ H- 1664 = a?* + 2^7+ 1 ; 
.-. a?* + 1664 = (4a? + 2)S 
whence a may be found. 

17. Transposing and squaring, we have 

[w^ - 2c^ + c*) oft e= (o - 6)^ ex ; 

ah 
whence w may be found. 

18. Multiply each side by 6^(^+ 1), and the equation 
is reduced to 

+ a? = 6. 



21. As in Ex. 28, p. l6, we have 



\/l +w \/l -{■ Of \l - \/l + (p\ 

I + y/l +07 07 

\/l - 0? %/l -07 {l + \/l -0?} 

1 -\/l -Of ^ 



whence I + o? - \/l + w = i - o? + \/i — o?, 

or 207 = \/l + 07 + \/l - 07, 

whence 07 may be found. 

24. Multiply each side by 2, and add 6 - 3o7 to each 
side, then 

207^-507+6 + 10 v/207* ~ 5w-\-6 « 39. 
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Let 207* - 5^ + 6 «» »*, then 

»* + 10« = 39 ; 
this equation gives « ^ 3 or — IS, and .-. J8f^ = 9 or 169, 

2^7* - 5a? 4- 6 = 9 gives a? = 3 or - -J, 

i/:n 5±>/Is29 
= 109 ... <r = — 



4 

28. Multiply each side by \/x (\ + 5 x/w)^ then 

15<r* - 507* + 2 + 10a?i = 3«r + 15^7*, 
or w - ^tV^ ^ J^, 
whence zpi = 2 or — -J, and .*. a? = 4 or -J^. ' 

29. Multiply each side by a?i, then 

07* - J?t ar 56, 

whence «i7* = 8 or - 7, and .*. «? = 4 or \/49. 

30. Divide each side by o?*", then 

a86«^^"- « 4ot5ta7«'*"*'~ = (a - 5)^ 

1 _ j_ 
Let a*" "• = «*, then 

a^6V-4at5*i8f = (a -5)*, 



which gives x « ( — 7= ± —7^ ) , 






32. This equation may be written 

a? -3 + 07"t = 2, 

whence od'^ = 1 or —2, and .•. 07 = 1 or v ^. 

S3. Adding 9 (l + ^) to each side, we have 
407* + 1207 v/l + 07 + 9 (1 + 0^) = 36 (1 + 07), 
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extracting the square root of each side, 

2a? + 3 \/l + w « ± 6 V 1 + w. 
Taking the upper sign we have a? « 3 or — ^. 

lower ^ = f {9*\/97}. 

34. This equation may be reduced to the form 

a/" 



07—4 



(1 - y/l+a^y ' 



.-. {a - 4) {l -2\/l + a? + 1 + a?| JB a?% 

or (4 - a?) \/l + /v « 4 + a? (i) 

/. (4-^)^(1 +0?) = (4 + .r)» (ii) 

whence a?* «= 8a?% 
and therefore a? = or 8. 

[Obs. w ^ S does not satisfy the proposed equation : the 
reason of this is that although all the values of <r which satisfy 
(i) necessarily satisfy (ii), yet the values of w deduced from 
(ii) do not necessarily satisfy (i) : for, in extracting the square 

root of each side of (ii), we might take the radical \/l + or 
with either a positive or negative sign. The root <r = 8 cor- 
responds to this negative sign, and is a solution of the 
equation 



07 a?* 



2 (1 + v/l + Off -^ 



SIMULTANEOUS EQUATIONS. 

3. Square each side of the second equation, and subtract 

the first from the result, we find «ry = . Then proceed 

as in Art. 75. Ex. 3. 

4. Cube the second equation and subtract the first from 
the result, 

Stvy (a? + y) = 18, or since a? + y = 3, .ry = 2. 

Proceed sm in the last. 
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5. From the first equation subtract the fourth power of 
the second, the result is 

or a7y {2.r*- 3a^y + 2y*} « 128, (i) 

also squaring the second equation, and multiplying the result 
by 2wy, we have 

soy \^af^ - Aiwy + 2y*} = Sxy (ii) 

Subtracting (i) from (ii), a^^y* « 128 - 8a?y, 
whence we find ivy = 8 or — l6; 
knowing wy and ^ + ^ we can proceed as in the last Example. 

8. Adding the given equations together, we find 

v/y = f \/a - ^, 

/. \/a - ^ = f y/y ; 



also \/y - w s= ^ va - a?, 

whence 25 o — 25a? = 4y, 

and 4iy - 4iW ^ 9a - 9a7, 

from which equations j? and y may be determined. 

10. Extract the n*^ root of the first equation and the m^^ 
of the second, and divide the first result by the second ; then 
we have 

^—2. — -1 1. — — ——1 

or^ .0 ac.a .a , 

fii« — n2 1_ _ 1_ m — n m — n 

or 07 =c.a .a .o , 

m n m n 



and .-. a? = c"'-"'.tr-"'.o"'+".6'"+", 
^ may be found by interchanging m with n, and a with 6. 
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11. Multiply the second equation by 20, and add the 
result to the first: this gives 70^ = 1.4 or a? =.02; whence 
y = 2.9. 

12. The first equation may be written 

c {ay + bai) ^ (vy {w •{• y), 

whence c (ay -i- 6j? - apy) = ^y (^ + y - c) 

dividing the second equation by this, we have 

wy abc 

c wy ' 

or wy = ^ c\/abj 

this value of wy being substituted in the given equations, they 
are easily solved. 

13. Subtracting the second equation from c times the 
first, and the third from c times the second ; we obtain the 
equations 

(c - a)w + {c " b)y ^ Ac (i) 

a(c -- a)w + 6(c - 6)y = (ii) 

Subtracting (ii) from b times (i), we have 

(6 — a) (c - a)w ^ A be. 



or 



('-!)(-->-' 



whence w is found : the values of y and x may then be written 
down by Art. 75. 

14. This Example is solved by the same process as 
Ex. 5. Art. 75. 

15. Assume y «= mw (Art. 76), then the given equations 
give 

0?* (1 - m) - 2 and ^ (2 + nt?) = 9 ; 

.-. 9 (1 - »w) = 2 (2 + m% 

this equation gives n^ — \ or — 5 ; 

2 
.-. or = = 4 or 4, 
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1 

or tV ■= ± —pz. or sfc 2, 

5 
and .'. y = =f —^ or i 1. 

16. Extracting the square root of the first equation 

\/ coy =s J= 35, 

i. e. v/o? . vy = J= 35, 

the sura and the product of \/ sc and vy being known, the 
process is the same as in Ex. 3. Art. 75. 

17. Substituting in the second and third equations the 
value of y deduced frora the first, we have 

w + \/ XX + «f = 14 (a) 

and «i7* + A'^ + «^ = 84 ()3) 

squaring (a) and subtracting (/3) from the result; we obtain 

2 \/ ccx {po + \/xz + «) = 112, 
and therefore by (a), \/ oex =4 or y « 4. 

The third of the given equations now gives 

{^ ^-7? ^ 68, 
from which and frora 00% ^ I6, x and x are easily found. 

18. Adding the first equation to twice the second, we 
find 

(w + yf + (.» + y) = 30, 

solving this equation with respect to .r + y, we find 

0? + y sr 5 or — 6, 

this equation and wy = 6f will give w and y, 

19. See Equations (a) and (p) in Ex. 17- 

20. Adding 2 to each side of the first equation, we have 



\y wl \y <vl 4 
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tjn mt 

solving this equation with respect to - + - , we find 

y ^ 



-+ ^= - or - - (1) 



Taking the former solution, 

2 

and from the second given equation 

^^ + y* = 4 + 2<ry, 

.'. 5xy = 8 + 4^y, 

or 07^ ss 8 ; 

this and the second given equation give cr = 4 or — 2, and 
y «= 2 or — 4. 

Taking the second solution of (l), we find 
0? = 1 i x/^ , and y = 1 «f v/^^ . 

21. Dividing the given equations by ayx^ bwz, cuoy 

respectively, we have 

1 1 1 
-+- = -, 
y z a 

1 1 1 
" + "■ = ^' 

OC Z 

1 1 1 

- + - = -, 

CD y c 

adding the second and third of these equations together and 
subtracting the first from the result, we find 

2 111 

X c a 

whence w = 



1 1 I 
h c a 



111 ■ 

FObs. In these equations - , - , - are made the un- 

^ ^ X y z 

known quantities.] 
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22. Dividing the third equation by the fourth^ we have 

€/ 1540 7 7 

— = — -— s= - or y = - ^ : dividing the third by the second^ 

OP 660 3 3 ^ ^ ' 

we have « = — a? : substituting these values of y and jjf in the 

3 

77 
^rs^ equation, we find — cfi ^ 231, or as^ = 27, ox oo ^3. 

23. Eliminating <r between the first and ^Aird equations, 
and w between the second and fourth; the two resulting equa- 
tions and the last of the given equations will determine y, 
X and u, 

24. Multiplying the^r*^ and second equations together, 
we obtain w^ - 9 or of = 3, Dividing the third by the second^ 
and the^r*^ by the thirds we obtain y and %. 

26. Dividing the given equations by ^y, a/% and yz 

respectively ; we obtain three simple equations in - , - and 

w y 

- . See Ex, 21. on the preceding page. 



« 



27. Put y = ma?, then the given equations become 

v/o? [y/a + \/inb\ = a + 6, 
and a? (l + w) = 2 (a + fc), 
whence (l + m) (a + 6) = 2 (v/o + y/mbf^ 
or wi (o — 6) - 4 v a6 vm = a - 6, 



which gives m = — ;= y- . 

^ Wa ± \/6/ 

Hence cV - ^^^^-^ = (\/a ± \/6)% 

1 + m 

and y « w«i? 5= (y/o sp \/6y. 
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28. Dividing the second equation by the square of the 

third, we obtain - « -^-z , or y « - , therefore by the second 

4 arff 00 

equation % » 3tr, substituting these values of y and z in the 
first equation, we find oo — \\ hence y = 2 and « = 3. 



PROBLEMS PRODUCING EQUATIONS. 

5. Let a? = a daughter's portion, then So? is a younger 
son's portion, and 3<v is the eldest son's portion : therefore by 
the problem 

4 (.r) + 3 (2cr) + 3^p = the whole property = 26000. 
Hence oo = 2000, 2a^ = 4000, and Sa? = 6000. 

6. Let 00 be the wages of each in shillings ; then, a? + 15 
is to be three times oo - 9, or, a^ + 15 = 3 (.a? - 9), whence 
«r = 21. 

9. Let ^ + 10, 00-5^ and a^ be the number of gallons 
conveyed in a minute by the first, second, and third pipes 
respectively, 

.'. <r + 10 + iT - 5 -f tT?, or Sx + 5 

is the number of gallons conveyed by them all in one minute : 
but by the question they convey 820 gallons in twenty minutes, 
and therefore, 41 gallons in one minute, 

.-. 3^p + 5 = 41, whence oc = 12. 

10. Let 4a? and 9oo be the sums possessed by A and B 
at first, then Atoo + 10 and 9oo - 10 are the sums they had after 
A won £. 10 : therefore by the question 

4a? 4- 10 = 9^7 - 10, or a? « 4, 

whence £l6, and £sQ are the sums required. 

11. The couners travel — and — miles an hour respec- 

2 3 ^ 

tively ; when the second passes through the place, the first 
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13 
has travelled — x 12 or 78 miles: suppose the second to 

overtake the first in x hours, then 

26 13 

— 0? = 78 + — a?, 
3 2 

26 
whence w = SQ^ and — . a? = 312 the distance gone over. 

3 

12. Let x be the rate of the tide (in miles) in the middle 
of the river, 

.'. — = Its rate at the sides, 
5 

y s the number of miles the waterman can row, in still 
water, in one hour ; 

.*. y + ^ =5 his velocity down the stream, 



y-T = "P 



18 18 

and and — are the times with and against the stream, 

y •¥ Of Sw 

y — 

18 « , 18 « , , , 

.•. = #, and — — = ■¥■, whence w = 2*. 

13. In any time, the hour hand passes over -^th the 
space passed over by the minute hand. If ob therefore be the 
number of minutes past 4 at which the hands are together, 
i. e. the number of minute divisions passed over by the minute 

hand since 4 o'clock, — is the number passed over by the hour 

hand : and at 4, the hour hand was 20' before the minute 
hand, 

.•. iT = h 20, or a? = 2l'-A-. 

12 ^^ 
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14. Let dc ~ the required distance in miles ; 

CO 

.•. - = the rate of sailing with the fair wind, 

X 

-" — 6= on starting from Calais, 

4 = when the wind changed, 

a 

/. — = the time in which it came half-way over, 
w 

- -6 

2 

w 

2 

= completed the passage, 

w 

- -4 
2 

.-. - I + — — ■ ^ = the whole time of passage 

^( --6 --.4 
\2 2 

6 OD 

o 

2 

Hence, /p = 22 miles. 

15. Let w - the number of guineas, 

.-, ^p -. 9 s the number of standard guineas of the same 
aggregate weight, 

4 
and — (a? - 9) = the weight of the a? guineas, in ounces, 
15 

hence, — ( 1 ) = each guinea 

4 / 9\ /^ 9\ 
.•. — (1 I (- + -1= the weiffht of the part 

15 V W V2 2/ ^ ^ 

15 V2 2/ 2 
Hence, a? = 36, the required number. 
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16. Let OB and y be A^s and E^s money at first, in shil- 
lings ; then a? + - , and y are the sums they had after the 

first set of games, 



.*. a^ + -+ 15 
2 



-<y-l) « 



Also tV + * — 10, and y +10 are the sums they had 

after the second set of games, 

••• 2(^ + --10) =y-- + 10 (ii) 

(i) and (ii) determine w and y. 

17. If - be the required fraction, we have for the deter- 

y 

mination of w and y^ the two equations 

2^p 2 , a^ + 2 3 

= - , and 



y + 7 3 2y 5 

18. Let the casks hold is and y gallons respectively, then 
by the former part of the question 

«»-15 : y - 11 :: 8 : 3, (i) 

and by the latter part 

-+ 10 : ? + 10 :: 9 : 5, (ii) 

(i) and (ii) determine so and y, 

19. Let w be the work, 

(B and y the number of days in which A and B can respec- 
tively do it, 

then — and — are the portions done by them in one day. 
.•. 16 [— + — 1 = the work done by the two in 16 days. 



r=tl?. 



16 16 

or — 4- — == 1 (i) 

no y 
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Also from the latter part of the question, if A work 4 
days, and B 40 days, the work will be done ; 

4iW 40u; 

w y 

4 40 
or - + — «!, (ii) 

(V y 

(i) and (ii) determine x and y, 

20. Let a be the number of gallons the cistern will hold, 

<r the number of hours in which one of the equal cocks 
will fill it, 

y the number of hours in which the third cock will fill it, 

.•. — + - = the quantity admitted by the three cocks in 
w y 

one hour, 

_ /2a a\ 5 

and /. 4 1- ~ = — a, 

\af y) 12 

whence - + - = — (i) 

x y 12 

From the second hypothesis, we find in the same way 

32 /I l\ 7 

(") 



3 \w yl 



9 
(i) and (ii) determine w and y, 

24. Let w = the number of sheep in the first flock, 
.•# <r + 18 a= second ... 

Hence is the price (in pounds) of a sheep in the 

w 

first flock, 

and is the price (in pounds) of a sheep in the 

«» 4- 18 

second flock, 

6(^17 + 18) 7a? „ ^ 

• • • a • ( • W, 

w a? + 18 

whence a?, and therefore ti? + 18 may be found. 
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25. Let dff and y be the digits from right to left; the 
number is 10^ + /v ; and therefore by the question 

(lOy + a?) y = 46, 

and (^ + y)y = lO, 

whence w and y can be determined. 

26. Let 07 and y be the numbers, <r beting > y, 

then off^ : o?'y :: 4 : 9, (i) 

and ar^-j-f^35 (ii) 

2tV 
From (i), y* : a?* :: 4 : 9, or y = — , 

3 

and therefore by (ii), a^ + — = 35, 
whence a? = 3, and .-. y = 2. 

27. Let 07 = the number of miles travelled by B per diem. 

.*. 07 + 8 = A 

and - being the number of days they travelled, 

07^ 

-— = the distance B travelled, 
2 ' 

07 (0? + 8) 

= A ,.., 

2 

07* 0^ -^ 8w 

.-. — + «= 320, 

2 2 

whence 07 may be found. 

28. Let 07 be the number of miles he travelled per hour, 

105 
then = the number of hours the journey took. 

If he had travelled two miles an hour slower, he would 
have been hours on his journey ; hence 

07—2 

105 105 ^ 

= + 6, 

07 — 2 0? 

whence 0? may be determined. 

C 
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29. Let w >B A'b subscription, 
/. 0?+ 15 = 5's 

Also the shares of the profits received by A^ B and C must 
be respectively proportional to the products of the number of 
pounds they invested, and the number of months they were 
engaged in the speculation : hence, if y be ^^s share of the 

profits, y will be fi*s share, and — y will be C's 

share ; therefore by the question, we have for the determination 
of iT and y, 

y + — -— y + — y = i59, — 0) 

and w + y ^ 88 (ii) 

Substituting 88 - a? for y in (i) and reducing, we get 

4fW^ + 71^» 9240, 
whence w may be found. * 

30. Let J7, y, X be the numbers, 

.*. 07 — y and y — «r are their diffferences, 
and 07 - 2y + jy the difference of their differences, 

.*. 07 - 2y + i^f = 5, (i) 

also Off + y + X ^ 20f (ii) 

and doyx ^ 130 (iii) 

Subtracting (i) from (ii), 3y = 15 or y = 5: 

(ii) and (iii) then give o? + « = 15 and xss = 26, whence 
w and X can be found. 

31. Let X = the number of yards of the better, 

y =^ worse, 

.% a + y ss the price (in shillings) of a yard of the better, 
0?— y= worse. 

Hence by the problem, 

^(^ + y)+y(^-y) = 158, (i) 

and af(w + y) : y(*«-y) :: 72 : 7 (ii) 
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Putting y - mw in (i) and (li), we have from (ii), 

72m* - 65m = - 7, 
whence m « ||., and then by {i), a? « 9, and .% y = 7. 

32. Let 1 : ^ be the proportion of gold to silver in the 
first mixture, 

I : y he the proportion of gold to silver in the second 
mixture. 

Also, let % be the value of an ounce of silver, 

and .*. 13% gold: 

then, supposing a coin of the first metal to weigh a ounces, it 

will contain ounces of sold, and of silver : the value 

of the ffold will be , and of the silver : 

^ 1 + 0? 1 +af 

1 ^ mAm y*» 

and therefore the value of the coin == .ax.^ 

1 +0? 

Similarly, 

The value of a coin of the second I 13 + y 
material weighing a ounces j ** "l~+V 

, , . IS + o? 11 13 + y 
/. by the question, . a«r = — . -r. . ax. 

^ ^ 1+0? 17 1 +y 

lS + 0? 11 15 + f/ 
or = — . ?- (i) 

1+0? 17 1+y ^^ 

If twice as much gold had been added to the same 
quantity of silver, the proportions of gold to silver in the two 

mixtures would have been 1 : - and 1 : - ; and by precisely 

the same process as above, we should obtain 

w v 

13 + - ^ 1S+- 

2 7 2 

00 



. ax. 



0? 11 V 

1 +- 1 +- 

2 2 



C 2 
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From (i), we find y = ^^ , 



and from (ii), y 



35 + ar 
4007 - 52 



Off + 68 

Equating these two values of y and reducing, we get 

19^ - 67 w = 936, 
whence a? = 9, and /. y = 4. 

Hence 1 : 9, and 1 : 4 are the required proportions. 

RATIO, PROPORTION, AND VARIATION. 

a +2b , . , - 

1. IS the greater. (Art. 84). 

s/s . 49 

2. — 7=^ IS > or < — , 

v/i 40 

accordms: as - is > or < ( — , 
^ 2 \40/ 

3 X 40* is > or < 2 X 49*, 

4800 is > or < 4802. 



49 
But 4802 is > 4800, therefore — is the greater of the given 

ratios. 

3. Let 00 be the required quantity, then 

a + a? : 6 + a? :: c : d, 

ad - he 



whence x 



c — d 



4. Let a, 6, c, d be the four quantities of which a is the 
greatest, and consequently d the least, then 

a c - a — b c -^ d 

— ^ — • and .'. =a * 

b d' b d ' 

but b is >d, .'. a — 6 is > c - d, or a + d is > 6 + c, 

i. e. the sum of the greatest and least is > the sum of the 
other two. 
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5. Since a : b :: c : dj 

and a"* being the greatest of these four proportionals, it follows 
by the last Example that a"* + d"* is > 6*" + &". 

6. This is a particular case of Art. 90. 

7. Since y oz x^ we have y = Cw^ C being some constant. 
(Art. 95). But when «» = 1, y must = 3, 

.*. 3 = C and .% y = So?: When j? = 4 the value of y is 
therefore 12. 

8. Since « oc a? + y and y oc a?, we have 

» = C(iB + y) and y ^ C^afy (a) 

C and C' being constants (Art. 95), but when o^ « 1 we must 
have y 8 2 and %^^\ equations (a) therefore give us 

3= (7(1 +2), and 2 = C, 

i.e. C= 1, and C"=2, 

,-. ijf = a? + 2ic^. 

9. The proof is precisely the same as that given in 
Art. 100; - being written everywhere instead of a?. 

10. Since » oc a? + y, /. j5? = Ci (a? + y), (l) 

and uozx-y, .'. u = C^ijv - y), (2) 

wccu-^-sfs^ .'. 00 :=^ Cz{u •{- %)^ (3) 

CiCzC^ being constants, adding (l) and (2) together 

^ + t^ = (Ci + Q 0? + (C, - C2)y, (4) 

and .-. by (3), off = C,{C, + Cg) a^ + C3(Ci - C^) y, 

1 « C3(C, + CO 
^ Cs(C^ - Cg) 

i. e. y oc zr. 

There is an exception to this conclusion, when (!), (2), and 

(3) are not independent equations ; which will be the case when 

(4) is the same equation as (3) : or when Ci = C2 = ~-~ , 

2 C/3 
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11. See Art. 99- 

12. Since jst oc y and y oz a, y and « each vary as x : 
we have therefore y ■> ma> and x a na^ m and n being con- 
stants : 

hence ^ + y + )^ =» (l + w + w) a?, 
and \/y^ + \/wx + V^ = \/fnnai^ + y/na^ -¥ \/mal^ 

a (\/mn + vw + vw) zp, 
1 + m + ^ . / — 



y/ma 



i. e. cP + y + « oc V y;8f + v^ + \/«!i?y« 

13. Since the weight of a solid sphere oc (radius)^ 

let the weight of a sphere of radius r = Cn^. 

Then calling the inner and outer radii of the shell r and 
t\ we have, 

the weight of a solid sphere of radius r = Cr^^i 

and r « Ci^^ 

.*. the weight of the hollow sphere ^ C{t^ - i^), 

.-. C(r''-r8) = |Cr^ 

or t'^ - r* = I^ r'^, 
whence r i r' v. 1:2. 

14. It is manifest that if any quantity be taken from 
Ay l-ths of it will be water, and |^ths wine. Also of any 
quantity taken from S, -j^ths will be water, and -j^ths 
wine. 

Let the proposed mixture be made by w gallons from Aj 
and y gallons from i?, then 

1"^ + -^y = the number of gallons of water = 5 (i) 

and |-^ + -^y== wine =11 (ii) 

(i) and (ii) give tt? « 2 and y = 14. 
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ARITHMETICAL PROGRESSION. 

1. Let a be the first term of any arithmetical progression, 
d the common difference. 

Then, the sum of the latter half of 2n terms 
= the (n + 1)*^ term + the {n + 2)*^ term + &c. ... to w terms, 
= (a + nd) + {a -♦• (w + l) d} + &c. ... to n terms, 

71 

= {2 (a + nd) + (w - 1) d} - , 

= \^a + {Sn - l)d} -, 

2 

= J{2a+(3w-l)d}— , 

= ^ the sum of 3w terms of the same series. 

2. 2 + 5 + 8 + ... to 11 terms « 187. 
3 + 7 + 11 + ... to 12 terms = 300. 

w» -I- (m + 1) + (w + 2) + ... to m terms = \^m + (m - 1)} — 

m (3m - 1) 

"^ 2 ' 

3 + 2 + 1 -f- ... to 8 terms = - 4. 

i + i + i ^^ ••• ^ 10 *«r°^ = "" I* 

^ + 1^ + f + ... to n terms = — {Sn + 1). 

JL/6 

2^ + 2 + 1^ -f- ... to n terms «= — (11 - w). 

(a + 0?)® + (a^ + ^) + (a - 0?)* + ... to n terms « w (a + a?)*- w'«a?. 

3 + 1 - 1 - to 10 terms = - 60. 

54 + 51 + 48 + ... to 9 terms = 378. 

^ 11 

6 + h 5 + to 25 terms = 0. 

2 

w-1 n-2 w-3 »- 1 

+ + + ... to n terms = — - — . 

n n n 2 



40 
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3, Putting S s 1455, a=» 5^ and n = 30 in the formula 
in Art, 102, we have 

1455 = (10 + 29 d) 15, 
whence d =» 3. 

4, Let IV be the common difference of the means : then, 
14 must be the fifth term of an arithmetical series whose first 
term is 2, and common difference ai ; hence 

14 = 2 + 4^, 
whence a? = 3, 

therefore the required means are 5, 8 and U. 

5, Let M and N be the mf^ and n^ terms of the series, 
a and y the first term and the common difference, 

then /» + (f?» - l) y = the f»*^ term B= JIf, (i) 

0?+ (w - l)y = the n^^ term = N. (ii) 

From (i) and (ii), we find 

(w- l)iVr- (w - l)Jlf 



w = 



and y = 



M-N 



m " n 



m -^ n 
Hence the sum of p terms 

_ p 2(m- l)N-2(n - 1) M + (p - 1) (M - N) 
2 * m - w 

p (2m -p - 1) JV- (2»- p - l) JIf 
2 * * m - w 

6. Let Sr denote the sum of the r*^ series, the first term 
of which is r, and the common difference 2r — 1, 

then Sr = {2r + (w - l) (2r - 1)} - 
= |2nr-(n-l)}^ 



w'r - 



w . (w - 1) 



2 



from this formula, we find 81982,89... by putting r suc- 
cessively equal to 1, 2, 3 ... 
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Making these substitutions and taking the sum of the 
results, we have 

« « « ^ o^ X w.(n — l) 

-^i + ^Sg + ^3 + ... + *yp - w'^ (1 + 2 + 3 + ... + :P) - - ^ 



2 



2 2 ^ 

= (wp + w - w + 1) — = (np + 1) -^ . 

7. Put — w = w', then 

S^ {2a + (n - 1) d} - 

= |2ffl-(«'+l)d|^ 

n' 
= {-2ffl+(n'+])d|- 

= {2(d-a) + (»'-l)d}^, 

which is the sufti of n' (i. e. — w) terms of a series having the 
common difference d, and d — a for its first term. 

8. Let 01 be the common difference of the means, 

then 00 = . (Art. 102. Ex. 3). 

« + 1 



Hence the 7 mean = 1 + 7^? = 1 + 



210 



9 



»+ 1 

30 {n - 1) 



and the (n - iV^ = 1 + (n - 1) a? =1 + , 



therefore by the question, 

1 + 



210 30(»-l) ^ ^ 
: 1 + — ^ :: 5 : 9, 



n + I n + I 

whence n = 14. 
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9. Let <» — y, a? and ^ + y be the three numbers, 

then 307 = their sum s 15, (i) 

and a?(a?^ — y*) « their product « 120 (iiy 

(i) gives iV « 5, and (ii) then gives y = 1, 
therefore 4, 5 and 6 are the required numbers. 

10. Ans. - 7, - 5, - 3, - 1, 1, 3, 5, 7, 9> &c. 

11. Let (37 and y be the first term and the common 
difference of an arithmetical progression of which a, b and c 
are the p^\ q^^ and r*^ terms ; then we must have 

o = 0? + (p - 1) y, 
6 = 07 + (qr - l)y, 

c = 07 + (r — 1) y. 

As we have three equations and only two unknown quan- 
tities, some equation of condition must hold between a, 6, c. 
Pi q and r in order that the equations may all be true. 
Multiplying the first of the above equations by {q — r), the 
second by (r - p), and the third by (/> — q) and adding the 
results, we find 

a (^ - r) + fc (r - p) + c (p - ^) = 0, 

the required relation. 

12. Let 0?, 07 + 1, tt? + 2 and o? + 3 be the numbers, 

then 0? (<r + 1) (o? + 2) (zp + 3) = 120, 
.-. 07* + Sot' + llo?* + 60? - 120 = 0, 
or (07 - 2) (o7^ + 80?^ + 2707 + 60) = 0, 

.'. 0? = 2, 
and the four numbers are 2, 3, 4, 5. 

13. Let 07 be the first term, 

y the common difference, 

then / being the n^^ term, and s the sum of n terms, we have 

Z = o7 + (w-l)y, (i) 

«=(07 + 0- (ii) 
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From (ii), a? = /, 

n 

and from (i), y = = -— -^ , 

w-l n(n " I) 

the first term and the common difference being determined, 
the series is known. 

14. Let S be the common difference of a series whose 
first term is unity, and which fulfils the proposed condition. 

Then the sum of n terms 

and the sum of n terms beginning with the (n + 1)*^ 

= {2 + 2nS + (w - 1) 5} - = Si, 

. S, 2 + (n-l)g f u ^ ^ 

. . 77 = ; --s^ = c for all values of n, 

S2 2+(3w-l)S 

.-. (2 - S) (c - 1) + (3c - 1) nS « for all values of n, 

which can only be the case when 

2 - S = 0, and 3c - 1 = 0, 

/, ^ 8 2, or the series must be 1, 3, 5, 7, ..• 

and c = ^, and therefore the required ratio is 1 : 3. 

15, The n^^ term being — - — , the^r*^ term is found 

by putting n equal to 1, the second term by putting n equal 
to 2 : and so on. 

Hence the series is 

3-1 3x2-1 3x3-1 







n(3n + 1) 



and the sum of n terms = 

12 
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16. If in the expression for the sum of an arithmetical 
series we put n equal to 1, we obtain the first term,: hence 
the ratio of the first terms of the two series mentioned in the 
question is found by putting n = 1 in the given ratio. The 
required ratio is therefore 

IS - 7 : I + S, or 6 : 4, or 3 : 2. 

17. This Example is the same with Ex. 5, p. 40. 

18. Let the p*'* term of the first series be equal to the 
(^^ term of the second; then 

2 + (p - 1) 3 = 3 + (^ - 1) 4, 

whence - = - , 
q S' 

the restrictions to the values of p and q are that they shall 
always be in the ratio of 4 to 3, and that neither of them shall 
exceed 100: there are manifestly 25 such pairs of numbers, 
and therefore there are 25 terms identical in the two series. 

19. Let (s = the required number of days ; 

then, the distance gone over by -4 = 3 + 5 + 7 +...to ^r terms 

= /» (.r + 2), 
and J? = 4 + 6 + 8 +...to x terms 

= a? (a? + 3), 

the whole distance gone over = 20^ -f 5 a? 

= 168 by the question. 
Hence a? «= 8. 

GEOMETRICAL PROGRESSION. 

1 1 

1, 1 +- + - + ... to 12 terms 

2 4 

1 



(-V- 

1 — V-^^""' 



1 

2 — 
2'^ 
— 1 
2 
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11 ■ ■ ' 

2 + - + h ... to n terms = 2 . 



5 50 1 

To" 



"^ 9 \ 10"/ ' 



V - + V - + -;V- + ...tO0D = V-.—L. :^s\/-. 
2^333 2 2 ^2 

1 -- 
3 

111 1 

— + —s+ — 1 + to 00 «=-. 

10 10* l(f 9 



10 

1 



, 1 1 

1 - _ + ... to 10 terms = 

5 25 

1 

5 



V 5/ _^ 5 / 1\ 

1 6V~ 5'7 • 



1 5 

toco ... = =; - 

6 



\/!-v/6 + 




2 V 15 — ... to 8 terms 



_ /s (-\/lO)®-l /? 10* -1 

5 - -v/io- 1 5 V^iO + 1 

2 ^ /2 

- - \/ - + 1 — ,.. to 8 terms 

5 5 

. (- ^^D'- ■ , ©*- ■ 



-V 

2 



_>V/--1 ' V^-Hl 



2. Let - , /p and a/y be the three numbers, then 

y 

Of [- + i + y\ =^u, (i) 

and 07^ [^ + l + y*) =84 (ii) 

if 
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Squaring each side of (i), we get 

ar^l-'z+l+fA + 2a?« fi + 1 + y^ - 196, 

or by (i) and (ii), 

84 + 28^= 196, 

whence /p = 4, and therefore by (i) or (ii), y = 2, 

therefore the required numbers are 2, 4 and 8. 

3. .111... = ^ (Art. 106) = (^y « (.338. ..y. 

4. Let r = the common ratio of the terms, 

then, the n^^ term = t^~\ and the sum of all that follow 

= r" + r"+^ + ... to 00 = r**. , 

1 -r 

1 r 

.•. r"-* = r". , or 1 = , or r = i, 

1 -r 1 -r ^ 

therefore the series is 1, ^, J^, ... 

5. Let 01 and y be the arithmetical and geometrical means 

' y b 
between a and 6, then w ^ a^b -^ w^ and - = - ; whence 

a y 

w = , and y = \/a6. Now (va — v &)^ is essentially 

positive, and .*. >0, 

.*. a-2\/a6 + 6 is >0, or > \/a6 ; 

2 

i. e. the arithmetical mean between a and b is greater than the 
geometrical. 

6. Let a, ar, ar* ,.. be the quantities in geometrical 
progression ; then, their differences are 

or -a, at^ - ar, ar^ -ar^, ... 

or (ar-a), (ar''a)Ty (or-a)r*, ... 

which are manifestly in geometrical progression. 
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X 

7* Let - , w and wy be the three numbers, then 

y 

^ (-+l+yj =13, (i) 



(V 



G-) 



and — ^^- ^"4, (ii) 

(ii) gives y = 3, and (i) then gives a? = 3 ; the required num- 
bers are therefore 1, 3, 9. 

8. Let w and /» + 48 be the required numbers ; then 
the arithmetical mean between them = 07 + 24, 

•••geometrical = V^+48^5 

therefore by the question, 07 + 24 = \/«»* + 48o7 -♦• 18, 

whence 07 = 1 ; and the required numbers are therefore 1 and 
49. 

9. Let a be the first term of the series, r the common 
ratio of the terms; then 

the sum of the odd terms = a + ar^ + ar* + ... 

even = ar -{-ar^ + ar* + ... 

= T {a •\- ar^ '\- or^ + •..) 

= r (the sum of the odd terms), 

therefore the sum of the odd terms : the sum of the even 
:: 1 : r. 

17 

10. Let -, w and xy be the required numbers, a their 

y 

sum, and b the sum of their reciprocals ; then 

^(- + i+yj =«» (0 

and ^(y + 1 +^) =& (") 

w \ yf 
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Hence *i7 = =fc \/ - , and y = — , 

and therefore - , w and wy are known. 

y 

11. Let the series be a, ar, ar^^,^. to (2w+l) terms, then 
the sum of the squares of the terms = a^ . — —; 



s= a . [a 1 

r-1 V r+1/ 



r- 1 * ^ ^^ 

= a {(a+ar*+ar*+ ... +or*") - (ar+ar'^+ ... + or*"-^) J 

t* — " 1 

= the sum of all the terms multiplied by the excess of the odd 
terms above the even. 

12. Let 0?, a?y, wi^ and xy^ be the required numbers, 
then, by the question, 

wy^-wy^Zy (i) 

and xy^ -^ od =7; (u) 

dividing (ii) by (i), we get 

j^-1 7 J^ + y+1 7 

= - > or — - = - , 

t-y 2 y 2 

whence y = 2, and therefore a? = 1. 
The required numbers are therefore 1, 2, 4, «. 

13. Let the series be 

a?, wy, x^ ... 
then ooy + a?y* =» 24, and ao'^ + a?y* = 2l6, 
these equations give ^ = 2. 

14. See Ex. 4, p. S6. 
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1 ,1 1 

15. We have Sp = , and .•.—«!- — . 

rP 

Hence "^ + "^ + •••-♦• -^ 

Ox Og *3» 

(-^('-^)-('-p)— (-^). 

(l + 1 + 1 + ... to « terms) - (- + 3 + 3 + ... to w terms j 

r" - 1 
n - 



r" (r - 1) 

16. Let a be the first term of the series, 
r the common ratio of the terms, 
then P^arP-^^'-\ and Q = ar^-«+^ 
hence PQ ^ a!^r'^'''\ 
or y/PQ = arP-' = the p^^ term, 
P /P\- 



('«)' • (I 



pv £3JP 



1-:^ ^ 



= P »« . Q2« = the g*^ term. 

17. Let r be the common ratio of 6 to a, c to 6, and 
d to c^ then 

6 B ra, c^rbj d = re, 

.-. (a + 6 + c + df « (a + 6)» + (c + d)« + 2 (a + 6) (c + d) 

« (a + 6)' + (c + d)« + 2 f- + ^) (r6 + re) 

= (a + 6)H (c + d)« + 2(6 + c)^ 

D 
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18. Let a be the first term, r the common ratio of the 
terms, then 

r" - 1 ^ 1 r" - 1 

r-1 ar*-^ r-1 

and /. —, =• a^r^'^. 
Also P tsa.ar , ar^ . ai^ ... to « factors 

n.(n— 1) 
Bs fl" A.1+S+3+... to n terms _ ^ji^ s 



(«'^"-r«(|.)'. 



HARMONICAL PROGRESSION. 

1. Let G and i? be the geometrical and harmonical means 
between w and y ; then 

G « v/^ (Ex. 5, p. 46), 



Of ^y 



and w : y :: w- H I H -y (Art. 108), or H = 

. (j? -H y)' - 4ayy 1 -y^' _ (^ - y)' i-»^' .... 

aJ^d = r— , or-— = — r— , ...(ii) 



dividing (i) by (ii), we have 

\^-y/ 
^ + y / 1 y ^ 1 + V ^ " ^* 

••. = V 1 - w% and - s . . 

^-y - yi-vi-w* 

2. The reciprocals of quantities in harmonical progression 
are in arithmetical progression, and vice versd (Art* 108); 
hence the reciprocals of the terms in continuation of the 
arithmetical series ^t -^^ -^ will be the terms in the continuation 
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of the proposed series. The arithmetical series, of which ^, 
^, ^ are consecutive terms, is 

f*» %9 ^> 3? -j-* ^> "" ^5 -" 3^1 — j^j ... 

therefore the harmonical series of which 2, 3, 6 are consecutive 
terms^ is 

f, |, 2, 3, 6, OD, -6, -S, -2,... 

3. Let 01, 029 ••• ^r9 ^y-i-19 .*• ^^ th^ series of terms 
in harmonical progression; then — , — , ... — , , ,,, 

are in arithmetical progression ; 

, 1111 

= — , 

Ol - 02 tty - Qr^i 
•'• =* ~9 

or 0J02 • ^r^r+l *• (l\^ 0>2 I 0,. — Or-|>l9 

which is the property enunciated. 

4. Let /r and y be the required numbers, then, by the 
question, 

-^-v/^y«13, (i) 

\/wy ■ 12 (ii) 

a? + y "^ 

From (i), we have •— = 13 -^ v ^y> 

2^y ^ 

— (")» :rr;; " ^^2^ "• ^^• 

Multiplying the last two equations together, we have 

^wy = 12 X 13, 

and therefore by (i), w -{-y^ 2x13*; 

these equations give 

X = 234, and y ^ 104. 

D 2 
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5. Let w, Pj X be the arithmetic, geometric, and harmonic 
means between a and b ; then (Ex. 5, p. 46, and Ex. 1, p» 50) 

0? = -—-, y = \/a6, « = — --r, 
z a + o 

y 2\/a6 , x 2\/ab 

.*. - = — —r-, and - « -— , 

w a + o y a+6 

y « 

• • =a » 

^ y 

i; e. Of, y and isr are in geometrical progression. 

6. Ans. |-, ^ and -^. 

T«r 1 a + 6 >-^ , ' Szpijr 

7. We have 07 = , j^r ■■ va6, and y 



or + x^ 



therefore substituting for w and x in the expression for y^ we 
have 

(a + 6) \/a6 

+ vao 

2 

2 (g + 6) 2 (q 4- 6) 

8» Let M and JV be the m^^ and ^^^ terms of a harmonical 

progression ; then — and — are the m*^ and n*^ terms of an 

arithmetical progression ; let a be the first term^ and S the 
common difference of this series, then 

l = a + (f»-l)5, (i) 

i = a + (n-l)5 (ii) 

Multiply (i) by wi, and (ii) by », and subtract, then 

M N 
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or r^rn — - (m - n) Ja + (m + n - 1) df 

JfJV 

^(m- n) {the (m + n)*^ term of the series} , 

therefore the (m + h)^ term of the arithmetical series 

1 mN-^nM 
m — n* MN 

and the (m + n)^ term of the harmonical series 

(m ^ n) MN 
mN^nM 

[Obs. The direct method of solving this problem is, to 
find a and S from (i) and (ii), and substitute their values in 
the expression for the (m + n)^^ term of the arithmetical 

series.] 

9. Let a, 6, c, c2 be the four numbers^ then by the data 
of the question, 

a -6 B 6 - e, (i) 

and 6 : c( :: 6- c : c- d, •••...•..••«..(ii) 
or by (i), 6:rf::o-fetc-rf. 

Hence be — bd ^ ad — bd^ 

and -r 8 •;, i.ew a ; 6 :: c : <{. 
d 

10. If P, Q, i? are the p*\ 9*^ and r*^ terms of an 
harmonical series, 

— , 7:, "5 are the p*^, g*^ and r*'* terms of an arith* 
metical series, 
therefore by (Ex. 11, p. 42), we must have 

(9 - r) - + (r - p) - + (p - g) - » 0, 

or (p - g) PQ + (p - r) PjR + (? - r) QjR « 0. 



54 ALGBBRA. 



PERMUTATIONS AND COMBINATIONS. 

1. Ans. 720, S024 and 720. (Art. 112). 

2. Ans. 85. (Art. 113. Cor.) 

3. Ans. 1260. (Art. 113. Ex.) 

4. The number of different guards that can be posted is 
manifestly equal to the number of ways in which 4 men can 
be taken out of 50 ; or to the number of combinations of 50 
things taken 4 together; which/ by Art. 114, 

50.49.48.47 



1.2.3.4 



230300. 



Again, if there were only 49 men, we could post a guard of 4 

49 . 48 . 47 . 46 
in — '- — or 211876 ways, any particular man will 

therefore be engaged on 230300-211876, or 18424 different 
nights. 

5. Any three angular points of the polygon can be made 
the angular points of a triangle; the number of triangles 
required will therefore be the number of ways in which we can 
select three points out of n, i.e. the number of combinations 
of n things taken 3 together, which 

= ^w(n-l)(7i-2). 

6. There are 21 consonants and 5 vowels in the alphabet ; 

we can therefore take 4 consonants in — '- *- different 

1.2.3.4 

5 . 4 
ways ; and 2 vowels in — ^ different ways. Each group of 4 

consonants may be combined with each group of 8 vowds, 

, „ , , 21.20. 19. 18 5.4 ,._. 

we shall then have ' x or 59850 different 

1 .2.3.4 1 .2 

groups, each containing 4 consonants and 2 vowels. 

7. The given person must have two of the remaining five 
as neighbours; and two persons can be selected from 5 in 
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5x4 

or 10 dififerent ways : also, with each pair of neighbours 

I x <c 

he can take six positions : 60 is therefore the required number 
of arrangements. 

8. [This question should have referred to combinations 
and not to permutations.'] Substituting successively p + S and 
p for r, in the formula of Art. 114; and dividing the first 
result by the second, we get 

(n -^) (» -p - 1) 6 
(P + 1) (^ + 2) " o' 

whence n « p + - «t 'v - + (p + 1) (P + 2) ~ • 

2 4 a 

If a = 5f 6 = 18, p =» 3 ; we have 



1^ */i 

n'~S+-'i* V- + 4X18 

1 , 17 
■ 3 + - ± — = 12, 

the lower sign being inadmissible. 

9. The numbers of permutations and combinations of n 
things taken r together being represented by P, and Cf 
respectively, we have 

Pr ^ , Cr n-r+1 

n — r + 1, and 



-- , 5 « - r + 1 

Hence 10 = n - r + 1, and - = , 

S r 

from which equations, we find n m 15 and r ^ 6. 

10. Let n be the number of cards in the pack, 

» (n - 1 ) (w - 2) , , p , - - 

then, — ^ ^^ s= the number of hands of S, 

' 1.2.3 

s 425 n by the question. 
Hence (n - l) (n - 2) = 425 .2.3, which gives n « 52. 
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11. As in Ex. 6, p. 40, it may be shewn that the number 
of combinations each containing 3 consonants and a vowel 

IS X 5 ; and with each of these combinations of 

1x2x3 

4 letters there may be formed 4x3x2x1 words ; the num- 
ber of words required therefore 

19 X 18 X 17 



1x2x3 



x5x4x3x2xle 116280. 



12. This problem can be solved with facility, by sup- 
posing the die {A} which has n faces, to present the faces 
marked 1, 2, ... n successively, and then finding how many 
faces of the other die {B) will combine in making a throw 
not previously introduced. Thus, 

Supposing {A) to present (l), 

(B) may present any one of its (n + r) faces, thus making 
(n + r) throws. 

Supposing {A) to present (2), 

B may present any one of its faces except that marked 
(l), I the throw (l, 2) having been made before}, thus 
making (» + r — 1) throws. 

Supposing {A) to present (3), 

B may present any one of its faces except (l) and (2), 
^the throws (l, 3) and (2, 3) having been made before}^ 
thus making (n + r - 2) throws, 

and so on, until when A presents (n), B may present any one 
of the faces n, w + 1, w + 2...w + r, thus making r+1 
throws not before introduced ; the total number of throws is 
therefore 

= (/^ + r) + (w + r - 1) + (n + ^ - 2) + ... to n terms 

n(n + 1) 

= wr + — ^ -. 

2 

13. The number of different hands it is possible to hold 
at whist is equal to the number of combinations of 52 things 
taken 32 together, which by the formula in Art 114, will be 
found to be 635013559600. 
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14. Let m be any integer greater than n ; then since 
the numbor of combinations of m things taken n together is 
necessarily an integer^ the expression 

m (m — 1) ... (m - n + 1) 

is necessarily an integer, or m (w — 1) ... (m — n + 1) is divi- 
sible by 1 . 2 . 3 .•• n : i. e. the product of any n consecutive 
integers is divisible by 1 . 2 . 3 ... n. 
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1. (1 + fl?y =» 1 + 54? + lOa^ + 10^' + 5ai^ + a^. 

(a + ft)» = a' + 3a«6 + SaV + 6'. 

(o + ftof + c^* 
« a* + 4a»fea? + (4a\» + 6a'6«) or* + (l2a'6c + 4a6») «* 
+ (6aV + 12a6«c + 6^ ^ + (l2o6c* + 46'c) of" . 
+ (4ac» + 6Vc^) afi + 46c'a?^ + c*af\ 

(1+07 v/i)' 

(\/o + y/^y^ 

« a* + 10a* a?* + 45o*4? + ISOa^a?"*" + 210oV + 252d^ai^ 

+ 2100*07* + 120a»'a7^ + 45aa7* + lOa'^'a?'^ + afi. 

, ,,i i 1 6 1 6^ 1 6» 5 6* 

a* a* a* o* 

v/- /- V^2(\/2-l) ^ \/i(\/2-l)(v/2-2) , 

^ ^ 1.2 1.2.3 

v/i (\/i - 1) (v/i - 2) (n/2 - 3) 



1.2.3.4 
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^ ^ S 9 81 248 

^ ^ 2 8 16 128 

S. Let (1 + wy =» ao + Oi« + Oafl?^ + ... + a^»i^~* + a^ai^, 
then, putting ^p « 1, we have 
2" a a^ + tti + a^ + ... + a„_i + a» = the sum of the coefficients. 

Also, putting dr e — 1, we have 

« flo - «i + «8 - ••• + (- ^T'^^M'i + (- 0"»M 
or aQ + a2 + O4 ... « aj + 03 + a^ + ... 

i.e. the sum of the coefficients of the odd terms equals the sum 
of the coe£Scients of the even, equals half the sum of all the 
coe£Scients « 2*"\ 

4. Let (l+a7)"=aj^+aia?+a2a?*+...+a„.ia?"~^+a„a/', ...(i) 

then, since n is an integer, we have (Art. 118. Cor. 2) 

(fv + 1)* «s a^^" + ai<a7*~* + a^af*'^ + ... + o»-i^ + a», ... (ii) 

(i) and (ii) are identical equations ; their second sides merely 
e5cpress their first sides in another form : hence, the product 
of their second sides will be precisely the same as that of their 
first sides. Equating therefore the coefficient of 47" in the 
product of the second sides, with that in the product of the 
first sides, we have 

= the coefficient of w^ in the expansion of (l + wY* 

2n(2n- 1) ... {^n -n + 1) 1.2. 3 ... 2 ;» 
1 .2 ...n " (1.2.3 ... w)** 

5. The term required is the { — + 1 ) 9 which 



BINOMIAL THEOREM. 59 



n(n-l)...(n-^+l) 

n 
* • * • • • ■" 

s 



«(»-!)... (^+l) 1.2.3... (^+lj 

(1.2.3...^) 



n 

I • * •• • "T 

2 



6. Ans. — 



I Of^ 154 07* 



* (Say ^ (2af 

1.6.11.16.21 .26.31 /OfV 



I.2.S. 4.5.6.7 



(I) 



7- The (p + 1)*^ coeflScient of (a + 6)", is derived from 

the ^*^ by multiplying it by : the p*^ coefficient 

will therefore be > the (p + 1)*** if this factor be < 1, or if 

. . u ^ .^n + 1 .. n + 1 
n - J) + 1 be < p, or if < p, or if p > . 



8. We have 

n(n-l)...(n->p + 2) ^^ ^^^ ti(n -l)...(n -p + l) ^^ 
1.2...(p-l) ° ' 1.2... p * • 

dividing the latter of these equations by the former, we have 
n-p+1 P' ^ / P'^ 



P 



— ; whence, n - p f 1 + — j - i. 



9. [Obs. When w is said to be very small when com- 
pared with any other quantity, it is supposed to be so small 
that its square may be left out of account when compared with 
the square of that other quantity]. 
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Expanding and neglecting a;% w^, &c., we have 
(1 + a?) + (1 + a?)* 1 + 4? + 1 + ^ Of * ^ 



m 

2 

4 



2 + 



3J7 



.-(-S(-t)"'-('-5)(-t).->^ 

■si nearly. 



10. The series after the first n terms 
m (m - 1) ... (m - n + 2) (m - w + 1) 



1.2.3 ...(»- l)n ^ 

m (m - 1) ... (m - n + 2) (w - w + 1) (m - n) 
1.2 ... (n- l)n(n + 1) 



(-^V+* + ... 



which, 

«nce 2\r = — ^ —, — - (-a?)"-% IS equal to 

1.2.3 ... (n- 1) ^ ' ^ 

^^m-n + 1, . __m-n + li?i-n, .. 



fi 



n 



w+ I 



x^ 



^^ I w + l\ ,, « / w + 1\ / m + l\ 
11. Solving the equation »* + « + 1 =» o, we have 

-i=pv/ri 



- 1 ± \/- 5 



; whence %^ = 



2 2 

also, «^^ = (»')P « 1, «^^+* « ««^. » = », 
and «3P+8«^^P.^««^^ 

(sf^O* + iJr^^ + 1 = 3, 



and »' = 1 ; 



(^p+2)l + 5j8|,+8 +lBi^ + i!r*+lBO. ^ 



(^) 
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These equations shew that if r is a multiple of 3^ the 
expression i^^ + i^^ + 1 is equal to 3, but if r is not a multiple 
of 3, it is equal to zero. 

The given expression becomes on expansion 

^ * z 1.2 « 

, »(n-l) (»-2) _, ! + «» + «« 

H or ^ h . . . 

» (n - 1) ... (n - r + l) .!+«*' + (sti")* , 

1.2.3... r sT * 

,, »(n-l)(n-2) ,« w(n-l)...(n-5) -„ . 
^' 1.2.3 ^ 1.2.3.4.5.6 ^ * 

by equations (J)^ 

n(n-l)(n-2) 3 ^ w (n - 1) ... (n - 5) . 
1.2.3 1.2.3.4. 5.6 

•8 the sum of those terms in the expansion of (1 + ^)" in which 
the index of ^ is a multiple of 3. 

12. If Cr denote the number of combinations of n things 
taken r together, we have 

(1 + ar)" = 1 + CiOf + €2^^ + ... + Craf"" + ... + Cn^^f 

therefore putting w ^l, and subtracting 1 from each side^ 
2» - 1 « Ci + Cj + ... + C^ + ... + C» 

B the number of all possible combinations of n things. 

13. Let 

(1 - »)-i = 1 + JiX + ... + J^^iStT"^ + J„«*" + ..^ 

then, putting « « a? (1 - a?), we have 

(1 - a? + a^'i = 1 + J^a (1 - a?) + ... 
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Now the coefficient of c^ in 

^,_i«->(l - J')"-'" - (m - l)^«_i, 

^-,^-*(l - «)-* - (« - 2) ^^ ^._„ 

^-.«"-'(l-a')"-'--(»»-3).— -.— -^«_„ 

&c. &c. 
therefore the required coefficient 

« J« - (m - 1) J„_i + (w - 2) — -— -4„_2 

- (m - S) —-—.—-— J«.3 + &c. 

The value of A^ being 

1.3.5.,, (2r- 1) 2 
1.2.S...r '2*^' 

14. Expanding (a + 6)** and (a - 6)*, and taking the sum 
and difference of the results, we find that 

twice the Hum of the odd terms in the exp^ansion of (a + &)" 

- (a + 6)» + (a-6)% (i) 

and twice their difference 

= (a + hy - (a - 6)» (li) 

Multiplying (i) and (ii) together, we have 

four times the product of the sums of the odd and even terms 

= (a + fe)«» - (a - 6)«». 

15. \/8 « v/9-1 

/ l\i , 1 1 1 1 1 1 , 
V 9/ * 2 9 8 9' 16 9* * 
« 3 {1 - .055555 - .001543 - .000086 - ... | 

- 3 {1 - .057184} = 2.8284. 
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/ 1\* . 1 1 1 1 5 1 J 

V 8/ ^ S 8 9 8* 9* 8' * 

« 2 {l + .041666 - .001736 + .000120 - .OOOOIO} 
= 2 {1.041786 - .001746} = 2.08008. 

16, Substituting for a, /3, 7, &c. their values, we have 

a 3 y 

2 3 3 

n , n (n - 1) n (n - 1) (n - 2) ^ 

1.2 1.2.3 1.2.3.4 

. _i_ |(„ + X) + ^±i)^ + ^±i)^^L=i) + ... J 

W + 1 * ^ 1.2 1.2.3 * 

1 r , . (» + l)n (n+l)n(n-l) . 

: {1 + (» + l)+^ ^— + ^ ^—^ ^+...-lJ 

n + 1* ^ ^ 1.2 1.2.3 * 



n 



— Ki + ir+^-i}=^ i 

+ 1 *^ ^ ^ « + 1 



17. Let (l + ^)'*=ao+«l^ + 08^+»»« + ^r-l^''"*+«r^+»*« 

then, multiplying each side by 1 + a?, we have 

identically : therefore the coefficient of oT in the expansion of 
the first side is equal to af^i-^a^: which is the property 
enunciated. 

1.3.5...(2p-5) fw\f'^ 

18. Ans. V^- e • - I • 

1 .2.3... (p- 1) V2/ 

19. Let o, 6, c, d be the coefiicients of the (r - l)*'*, r^\ 

(r + 1)*^ and (r + 2)*^ terms of the expansion of (w + yy ; 

then 

b n-^r-h^ c n-r+1 _d n -- r 

- = ; — , - = , and - = ; ; 

a r-lfe r cr+1 
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eliminating n between the first and second of these equaticHis, 

we have 

, .6 c , (a + 6) 6 

(r - 1) — r 7 s= 1, whence r « -— , 

a Ir ^ ac 

similarly, from the second and third of the above equations, 
we find 

T ^ — — • 

c' - fed • 

equating these two values of r, we have 

a + 6 c 4- d 

whence Vc + ahd - fee* - adc = 2 (oc* - 6cP), 
or (6c + ad) (b ^c) ^2 {ac? - fecP). 

20. Let tt«l + ^ + 2^ + Szp* + •.. 

/. wa? = 4? + 4?* + 2ar^ + ... 

and «(1 -0?) = 1 +d;*(l +47 + a;*+ ...) = 1 + » 

1 — a? 

1 - » {\ —xy 

and w« = (1 - a?)-» + 2^?' (1 - oo)"^ + ^* (l - wy\ 

Hence, the coefficient of a?" in w* 

the coefficient of ^p" in (1 — ^)"* 

+ 2 the coefficient of a?**"* in (1 - /p)"' 

+ the coefficient of a^"^ in (l — a)"^ 

2 .3 ... (2 +n- 1) 3,^...n 4.5... (w — 1) 

1 . 2 . 3 ... n ' 1 . 2 . 3 ... (n - 2) 1 . 2 ... (n - 4) 

X / X (n-3)(w-.2)(n-l) w(n» -Hi) 

21. From Ex. 3, p. 58, we have 
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therefore squaring 

and therefore, by Ex. 4, p. 58, 

, , 1 1.2.S...2W 

2 (1.2.3. ..w)* . 



/H-2a?\" /l+^N"* /l+2^-^\ 
VI +^/ ""11+ 2W "" V 1 + 2cr / 



— » 



\ 1 + 2W 

and (l±^V=fiZfV"=f,__^)-, 

Vi - ^/ \i + W V 1 + w 

the expansions may now be effected by the Binomial 
Theorem. 

23. Dividing the numerator and denominator of the given 
fraction by a it becomes 

{2(l + A)-(l+A)« + ^(l+A)«}J 



(-,^' 



fe«\l 



5« b\ 
1+ -7 + 2 -A\i 
a' a* 

a* 



omitting A' 



26* 
1 + -5 — 17 *> omitting A^ 



E 
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But ^ being very nearly equal to 1, the quaptity 1 — jt*"* 
is so small that its square may be neglected, and the second 
side of the above equation is very nearly equal to 

-{l-(l-a^-)}6» 



25. See Ex. 9, p. 59. 

26. Writing a — o for 6, we have 
o'ft' o* (a - cY 



(a* - o».r» + b*ai^i [a* - a^m' + (o - c)*««| » 

= o*(o* - 2oc)(o* - 2oc«*)"t, (neglecting c*) 

.(a-2c)(l-2|^)-l 

■= (a - 2c) 1 1 + 1 nearly 

= a - 2o + Scv^ nearly. 

27. The coefficient of the {p + S)*^ term is derived from 
that of the (:P + l)*^ term by multiplying by 

(2n - p) (2n -p - l) 
(p +!)(;> + 2) * 
this fraction must therefore be equal to unity. Hence 

(p + 1) (p + 2) = (2/^ - p) (2n - p • 1), 
solving this equation with respect to p, we get 

j3 = n - 1. 
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28. The middle term is the (n + 1)*, which 
2n (2» - 1) ... (2» - n + 1) 



1 .2.3 ... » 



a?* 



^ 2n(2?t- 1) (2n-2) ... (yt + l).n. (w - 1) ... 3.2.1 

(I.2.3...n)* 

2 . W . (2n - 1). 2 . (2n - 1) (2n - 3)... 5 . (2 . 2) . 3 . (2 . 1) . 1 ' 
°'~ (1.2.3... n)^ 

[each even factor in the numerator being split up into two 
others, of which 2 is one] 

(2w - 1) (2n -3) ... 5.3. 1 .n(« - 1) ... 3.2. 1 

(1.2.3..,»)8 

1 .3.5 ... (2» - 1) . . 

1./6.0...72' 



LOGARITHMS. 

I. Taking the logarithms of each side of the first group 
ot equations, we obtain 

a log a + y log 6 = log c, 

a? logai + 9 log 6i = logc,, 

wKiVT. r«V^ >« log^tlogc-logfeloggi 

wnicn give w = r ^ — ; — - , 

log a log bi — log tti log 6 

and a similar expression for y. 

From the second group of equations, we obtain 

Of log a + y log b + X log c « log d, 

and two similar simple equations between of^ y and iv^ these 
give 

ld{lbiJc2''lb2JCi)-\'ldi{lb2-lC''lb.lc2)+ld2QbJci'-lbi.lc) 

^ ss ■ — — "— - 

Ia{lbi,lcfi-lbi,lci)'^lai{lb2.lc'-lb.lc2)+la2(lb.lci"lbi.lc) 

where Id represents logcf; similar expressions may be found 
for y and «, 

E 2 
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2. Let P be the population at first, P, that at the end of 

the r^ year, then, — and — are the numbers of births and 
•^ m n 

deaths respectively in the (r + 1)^^ year, and the population at 

the end of the (r + 1)*^ year = P, f 1 + 1 . Hence it 

appears that the population is increased each year in the ratio 

of 1 + to 1, and therefore P, = P f 1 + 1 . If 

m n \ m n) 

the population be doubled in r years Pf==^9,P^ and therefore 

\ m nl 

, _ mn + n —m 

or log2 = rloff , 

mn 

which gives r = ; r ; . 

log (mw + w - m) — logmn 

P 

3. Let — be the increase of the population P in one 

year; then, as in the last Example, it may be shewn that if P be 
the original population, the population at the end of ^ years is 

Pfl + — I . If then a country trebles its population in a 
century, we have 

or 100 log 1 1 + -) = log S, 

.*. log (l + -) - -^^ = .0047712 = log (1.01105), 

1 1 

.*. 1 + - = 1.01105 or - = .01105, 
n n 

*!, ^ *i, • .11. . 1000000 ^ 
therefore the increase per million in a year = ss 11050. 
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4. We have 



228 5I0 3I2 24x7 52x6 34x3 

2 = —.. 



I 

/ 2* y / 5« \5 / 3* y /ley /25y /siy 

" U X5) * U X 2V ' U X 2V " Viiy ' \2i/ * \80/ ' 

therefore taking logarithms 

, 16 , 25 , 81 
log 2 = 7 log — +5 log — +3 log — . 
^ ^15 ^24 *^ 80 

5. ^ log20 B log 100 s 2, 

2 2 

.'. 0? = z = =5 1.537. 

log 20 1.30103 

7. Solving the equation with respect to o', we find 
^ = -J (^ + \/5) ; whence a? log a » log ^ (l + v/^). 

8. Let Of be the number of factors, then 
a^o^a»...a2— »=p, or a^+8+*+. • to » temw ^ p^ 

or a*^ a p ; .*. ^ loga » logp, or <v » \/ r . 



MISCELLANEOUS PROBLEMS. 
1. Let y" = «r, then y"» - 1 = ;ir'» - l. 



»*• - 1 «»"* - 1 



Since « «"-* 



it follows that, if «""*-l be divisible by »-l, »"-l is so also: 
or, if «" — 1 be divisible by « - 1 for any one value of the 
index, it is proved to be so for that index increased by unity : 
but « - 1 and »* — 1 are manifestly divisible by « - 1 : there- 
fore, by induction, «" — 1 is divisible by «r- 1, whatever positive 
integer n may be, i. e. y*"" - 1 is divisible by y* - 1 ; and 
similarly, y*"" — 1 is divisible by y* - 1, whatever positive in- 
tegers m and n are. 
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2. a« + a'V + a*6* + 6Ms > or < (a' + V)\ 
according as a*6* - 20*6^ + a*fc* is > or < 0, 
{a^h'-ah^y is > or < 0. 

But a. square is necessarily >0: therefore the former of 
the given quantities is the greater. 

S. (Oj + ^2 + ••• + o„)* 

= Oi* + ^2* + ... + «»* + SOiOg + gaiOg + gflgOj + ... 

[each of the quantities a^, a^y ... being added and subtracted 
(n — 1) times] 

4. By actual division, we have 



a - 6 



= a»-^ + a— *6 + a"-3&* + ... + o6""* + 6"""^ 



Now, a being > fe, o*"^, o*^*6, ... alf"^ are each > 6*~* ; 
and for the same reason a^'^h, a'^'^h, ... 6*"^ are each < a*"^ ; 

a" - 6" 

.*. r- is > wfe**-* and < na*'\ 

a — o 

or a" -6" is >w6"-^(a-fc) and < na""* (a - 6). 

5. w = a* ± 6 = £1^ /^l ± -^1 , 

, 1 6 1 6' 

^ 2 a« 8 a* '^ 

« a =fc ^^ — ( 1 *f — A nearly, (b being small) 
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h ( 6 \-i 



h 4a2 
= a ± — . 



2a h 

1 ± 



6. If n is not less than 3, it is manifest that n{n^l) 
exceeds 2 by a quantity greater than unity, .*. n* > w -^ 2 by 
a quantity > 1, and w^ > n* + 2» by a quantity > n ; therefore 
«^ — 1 > w' + 271 by a quantity > » - 1, i. e. w' is > »* + 2 » + 1, 

whence \/« is > ^n + 1. 

7. If we multiply the three expressions 

1 + 6 + 6' + ... + 6^ [ (^) 
1 + c + c^ + ... + c% -^ 

together, we obtain an expression in which the first term is 
unity, and each of the other terms of the form a^h^d^ \ now 
this term signifies that 'p a\ q Vs, and r c*s are multiplied 
together ; by taking all possible values of p\ q\ r we shall 
obtain a representative of every possible combination of a^s, 
6^8 and c's, the number of a's, 6^8 and c's not exceeding p, q 
and r respectively. The product of the expressions (-4) will 
give all these combinations + 1 ; the number of them will be 
found by putting a = 6 = c = 1. 

Hence the required number of combinations + 1 

(1 + 1 + ... + lO • (1 + I + — + 1') 
X (1 + 1 + ... + r) 

therefore the required number of combinations 
= (p + 1) (g + 1) (r + 1) - 1. 
8. See Ex. 12, p. 6l. 



{ 
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9. Writing - 0? for ^ in Ex. 12, p. 61, we have 
(1 - 0?)" = 1 - CiW + CX - Q^^ + C447* - ... 

therefore, putting a? = 1, we have 

ss 1 — C/1 + C/j ■■ C/3 T O4 ^ •*• + ^Sr ■■ ^8r+l "^ ••• 
or Ci •{• C^ 'h ... + Cgr^.! + ••« ss 1 + Cj + C4 + ... + Cjf. + ••• 

a.s.D. 

a + 5 v/^ (a + 6 \/^) (c - d \/^) 
c + d \/^ (c + d \/^) (c - d v/^) 

ac-hbd be — ad 



c'+d' ^ c^ + d!" 



-1. 



_ ad — 6c ac — 6d 

11. Let — — «X, 

a — -- c + d a — " d + c 

.•. ad - 6c =X(a - 6-c + d), (i) 

and oc - 5d = X (a - 6 - d + c) (ii) 

Adding (i) to (ii) and dividing the result by a — 6, we 
have 

d + c » 2X. 

Similarly, by subtraction, we obtain 

a + 6 = 2X, 

a + b + d + c 

•'• A ^ » 



12. 



V^5.12 + ^y.03S75 V^512 + \7iTi75 



\/80 - v^.Ol v^SOOO - v^l 

8 + 1.5 

= — = .5. 

20-1 

13. i^Nn = (iVT + ny - (AT - w)% 



/. 2 v/^ = (ivr+ 71) |i - i (^^) } »^a^^y> 



MISCBLUUYEOUS PROBLEMS. 73 



^s/N 



n 






N+n 



-I- j\r + », 



VE 



n N ^ n 4n 

14. a^-^Qw + S is equal to (a? - l)* + 2 ; now, (^ - 1)*, 
being a square number, cannot be negative, it will therefore 
give the least value of ^ — 2^7 + 3 when it vanishes or when 

07 s 1. 

.. x.« « « + ^ a + 26 o + (n-l)6 

15. Let S^- + —J- + — -^— + ... + — — — , 

S a a + b a + (n-2)6 

• • ** '~o "T 9 T" ... + ]■ 

1* I* 1*^ I' 

a + (« - 1) 6 

+ ^^ — . 

Subtracting, we have 

^ r 1\ a o - /I 1 1 \ «6 

whence, S -I + r^\ ( 1 | - r — . 

\|. - 1 (r - l)^j V W (r-l)r* 

In the Example, 

2n + 3 
aal, 6 = 2, r = 2; and *? = 3 . 

2* 

16. The square of a possible quantity is never negative, 
or never < 0, therefore (of — y)* is never < 0, or a^ ^2afy + y^ 
is never <0, or a^+y^ is never <2afy. 

17. ^ - y is > or < (v^ - v y)S according as ^ — y 
is > or < 07 — 2 va?y + y, or according aa 2 V^y is > or 
<2y, i.e. according as o^ is > or <y. 
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18. {a "by IS >0, or a*-2a5 + 6* is >0, 

.•• o* - 06 + 6* is > ah, 

and (a* - 06 + fe*) (o + 5) > a6 (a + ft), 

or a' + 6^ > 06 (a +6), 

a 6 1 1 
and /. 7i + 1 > " + r • 

19. Since the square of a possible quantity is > 0, 

o*cP - 2abcd + 6V is > 0, 
.*. a^cP-^-Vc^ is >2abcd, 
and o«cP + 5V + aV + 6'cP > a^c^ + 2a5cd + 6»cP, 
or (a' + fc'^) (c« + d^) > (ac + bd)\ 

and .*. v/a* + 6' \/c* + cP > oc + bd. 

20. Except when a = 6 « c, 

a* > a* - (6 - c)^ > (a + 6 - c) (a - 6 + c), 

6« > y - (a - c)«> (6 + a - c) (6 - a + c) 

c' > c* - (a - 6)^ > (c + a - 6) (c + 6 - a)\ 

.-. a«6«c" > (a + 6 - c)'^ (a - 6 +c)« (6 + c - a)% 

and abc > (o + 6 - c) (a - 6 + c) (6 + c - o). 

^1. Except when a » 1, 

(a - l)'^ is > 0, 

and .'. a* - a + 1 > o, 

(a^ - a + 1) (a + 1) > a (a + 1), 

or a* + 1 > o* + a. 

22. Let a be > 6, then 

ma=sma and is > mb, 
nb<na and s n&, 

.'. ma + n6 < (w + n) a and > (m + n) ft, 

ma + w6 , , 

or < a and > ft. 

m + 7* 
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23. Substituting the value of w in the given expression, 
we find that 

a+2a Bb-i-a . ^ + 26 3a + 6 

as and « — ; 

/p — 2a 6-a a? - 2fr a-o 

and the sum of these two fractions = 2. 

24. Extract the square root of the given expression by 
the ordinary process ; the remainder is found to be 

In' order that the proposed expression may be a perfect 
square, this remainder must vanish, 

... r .t{, .'^ . .^ . . i (, -ty. 

Hence ^ = 2 v* + — , and r = p \/« or p^s = r*. 

25. Extract the cube root by the ordinary process ; the 
remainder is found to be 

^p + o - 



V Saj 



27 a* 

In order therefore that the given expression may be a 
perfect cube, we must have 

c = --^- • and a = , 

Sa 27 a* 

cul)ing the first of these equations and dividing the result by 
the second, we find that a(? ^ dl^. 

26. "No: for multiplying the ^r«^ equation by 2, and 
adding the result to the second^ we obtain the third equation, 
which shews that the three equations are not independent, ^ 

28. By Art. 70, we have 

a a 
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, , — -f- — :b ss — — — % 

ac ac 

0? + - j +6 -— • 

The quantity [^ + -) cannot be negative, if therefore 



«• 



5 be > — , or o* be < 46, ^ + «^ + 6 must be positive. 

30. Eliminating d7 from the two equations, we find 

he' - h'c 



ah -^ab 



eliminating o^, we find 



ac' - a'c 
ah - ao 



/ 



„ /ac -oc\" 
"""^ •• ^'-(^^6^^) (") 

Equating these two values of w^ and reducing, we get the 
given equation of condition. 

31. From the first and second equations, we find 

{ah'" a'h)af^h'c-hc, (i) 

and from the first and third, 

{ah"-d'h)x^}i'Q^hc\ (ii) 

dividing (i) by (ii) and reducing, we get the given equation of 
condition. 

32. Since the square of a possible quantity is always 
positive, we have, 

(\/a - y/cY > 0, 
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or o + c > 2 \/ac^ 
a fortiori, /. 2 (a + c) > 2 \/aCy 

and /. 26 (a + c) > 2ac, since 6 = v ac, 
A o* + 6* + c* + 26 (a + c) > a* + 6^ + c* + 2ac, 
o«4.6« + c*>a* +6*+c^-2a6 + 2ac- 26c, 

or a* + 6* + c* > (a - 6 + c)*. 

S3. (o - a )« is > 0, or o* - 2ao' + o'* > 0, 

.•• a* + a'*>2ao'. 
So 6« + 6'«>266', 
(f+c*> 2cc\ 
... a» + 6^ + c* + a'« + 6'« + c«>2(aa' + 66' + cc) 

or 2 > 2 (aa'+ 66' + c^/) 
or ao'+ 66'+ cc'<l. 

n(n + 1) ... (« +r-l) 
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1 .2 ...r 








+ 


(n + 


!)(» + 


2) ... 


, (» + r - 


1) 






1.2, 


►.. (r 


-1) 








(n + 


!)(» + 


2) ... 


. (» + r - 


1) 


(n + 






1, 


» 2 ,.. 


r 






(n + 1) (w + 


2).., 


{(» + !) 


+ »• 


-1} 
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GENERAL QUESTIONS. 

1. Since we may subtract 2n 180° from any angle with- 
out altering its trigonometrical ratios (Art. 18), we have 

sin {(271 + 1) 18tf + 0} « sin (180° + 0) = - sin d, 
cos {(2n + I) 180^ + 0} « cos (180« + 0) a - cos ft 

2. While 9 changes from to 90°, sin 6 and cos are 
1>oth positive, and therefore their sum is positive: while 
changes from 90° to 135°, sin is positive and cos0 is negative, 
but sin is > cos ; therefore sin + cos is positive : while 
changes from 135^ to 180| sin is positive and cos negative, 
but cos is > sin d ; .*. fein 5 + cos is negative : similarly, 
while changes from 180° to 315^, sin + cos0 is negative, 
and while changes from 315* to 360*, sin + cos is positive. 

3. If be between 90* and 135*, sin 20 and cos 20 are 
negative, and tan 2d is positive; if be between 135* and 180^ 
sin 20 and tan 20 are negative, and cos 20 is positive. 

4. Ans. w 180* - 0, n being any integer. 

5. ... w360*, w being any integer. 

6. See Art. 12. 

tan A 1 

7. sm A = — , — , cos A = 



Vl + tan* A VI + tan* A 



1 ^ y r-7 , v/l + tan* A 

cot A = T , sec -4 = V 1 + tan* A^ cosec A = — . 

tan A tan A 
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8. COS -4 =5 1 - vers -4, sin A « \/2 vers A - vers' A^ 

y/9, vers A — vers* -4 

tan A = T ; 

1 - vers A 

sec Ay cosec ^, and cot A are the reciprocals of these. 

9. cos A = suvers -4 — 1, sin ^ » y/si suvers A — suvers'-4, 

-x/s suvers -4 — suvers* A 



XBXiA 



suvers A — \ 



10. Replacing cot0 by -^ and solving the resulting 

quadratic with respect to tan 9, we find 

tan = ^ (w ± x/m* - 4). 
Whence, by Ex. 7, 

• /% A / •» =*" \/w* -4 J /I A / »» T \/m* - 4 
sm « V , and cos = V — ^^-^- . 

11. Replacing cos0 by s/l - sin' 0, and solving the 
resulting equation, we obtain 

8in d B ^ "V . 

2 

12. The ratio of the numerical representatives of two 
angles will be the same, whatever be the unit in terms of 
which they are expressed. Let the angle, which is expressed 
by S6^ when -^th part of a right angle is the unit, be ex- 
pressed by w when yJ-^-th part of a right angle is the unit ; 
then 

w the given angle ^6^ 

100 a right angle 90 ' 

whence x = 40^. 

13. Let w be the number of degrees, then, as in the 
last example, 

a? 90 

— = — , whence a 33 120. 

40 30 

14. See the last observation in Art. \6. 
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FORMULAE INVOLVING FUNCTIONS OF ONE ANGLE. 

1. The first Hw equations may be proved by Arts. 14 
and 18. 

Since sin lS(fi s tan 180^ « 0^ and cos U(fi « sec ISO^ » - 1, 
we have 

sin + cos + tan - sec 0-0, when 9 « 180^. 

Again, since sin cot a cos d, and cos si, we have 

sin cot s 1, when « 0. 

Also, since sin 45^ » cos 45®, we have 

sin - cos = 0, when « 45®. 

Lastly, since sin 135® = — 7=> and cos 135® = — 



we have sin + cos « 0, when « 135®, 
2. By Ex. 7, p. 78, we find 

= ^\/al + if, -r-^ = jT\/o*T^; 

COS0 as sin0 h^ 

whence + = a' \/at + 65 + 6l y^a* + 6* 

cos cos 

« (o« + 6«) v^^lTfcf = (ai + 6S)t. 
S. Sin (a - 0) = cos (a + 0) « sin (gO® - a - 0) ; 
••. o - = 90® - o - 0, or a = 45®, 
is perfectly arbitrary. 

4. The given equations are equivalent to 

1 . ^ l-sin*0 cos«0 

sm sin sm 

, 1 ^ l-cos*0 sin*0 

and «= ^.cos0 = ^— = ^. 

cos COS cos 
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Hence mPn = cos'^, and mm? ^ 8in'0; 

and therefore iwiw? = cos* 0, and m^n^ea cos* 0. 

Or, adding, n&m^ + m^rih = sin* Q + cos* Q ; 

i. e. m^rA (m* + w^) « i. 

5. Ans, = (2n + 1) 180^, w being any integer. 

- tan* a tan* sec* — 1 cos j3 - cos a cos 'y 

r| ^9 — ^— ^^^_ ^ __-«-^— ^^^ ^ * • 

tan* «y tan* ^ sec^ — 1 cos )3 — cos «y cos a 

, ^ sin* 'v cos* a — cos* 'v sin* a 

whence cos/3 = . .^ —r-z — • 

sin* 7 cos a — cos 'y sm' a 

This may be reduced to 

Q ^ a y 
tan — = tan — tan — . 
2 2 2 

7. a.sinf 0+6 cos* « in (cos* + sin* 6) ; 

.*. (a — fw) . tan^ ^ m-b, and so (6 - w) . tan* ^ « n - a ; 

6* tan*e (m- 6). (6 -n) 
o* tan^0 (a - iw). (n — a) * 

, 1111 

whence, - + - =. — f- — . 
a tn n 

, . ^ O + b tan y-r rr 

-8. a. COS + 6 sin = . = - v/ a* -i- 6^ 

Vl + tan*0 
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9 
^ ^ 2 tan — 

1. sm a 2 sm - cos - = 2 tan - cos* - = 



2 2 2 2 ^ fl 

1 + tan* - 
2 
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COS* 0- sin* COS 2d 

cot - tan = . ^ — = 2-: « 2 cot 20. 

sin0.cos0 sin 20 

\/l + sin 20 « \/sin^9 + cos*0 + 2 sin . cos = sin + cos 0. 

^ l + cos2d 2cos*0 ^ 

cosec 20 + cot 20 = — ; — ■» — :—- = cot 0. 

8m20 2sin0.cos0 

^ cos*0 + sin*0 2 

cot + tan = . ^ ;r- =» -: — - = 2 cosec 0. 

sin 0. cos sin20 

^ cos' 0- sin* cos 20 

cot - tan = r— r ;:- = 2-; = 2 COt 20. 

sin0.cos0 sin 20 

2 11 

2 cosec 20 as — ;— r= . -;— - B sec 0. cosec 0. 

2sin0.cos0 COS0 sin0 

,^ .^ 1 sec 0. sec A 
sec(0±0) = ^ 



COS0.COS0 (1 sf tan0.tan0) 1 sf tan 0. tan 

^^^^ "* cos^^0 + sin»^ - 1 + tan*^0 • 

sin 30 s sin 20. cos + cos20.sin0 

= 2 sin 0.(1 - sin*0) + sin (l - 2 sin*0) 
= Ssin0 - 4sin'0. 



. r..o m l + tan0 . /l+2tan0 + tan*0 ^ /H-8in20 

tan {45" + 0) = ^r = \/ ^-r = \/ : . 

^ ^ l-tan0 ^ l-2tan0 + tan«0 ^ l-sin20 

«/* . •. (sin0.co80+cos0.sind))(sin0cos0-cos0sin<i) 

tan*0 - tan*d) = ^^ -^ iF^-TH ^ 

'^ cos^vcos^q> 

sin (0 + 0) sin (0 - (f)) 
cos* cos* 



/. 0\* 

sm - + cos - 

V 2 2/1 



. ey 

1 / 0\* 

— ^ - 1 1 + tan - . 

1 +COS0 ^ ^0 2 V 2/ 



1 + sin V 2 2/ 1 / 



2 COS* - 
2 
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sin S + COS 30 Sin 2 (cos 9 - sin 9) + cos 20 (cos 9 + sin 9) 
sin 39 - cos 3d sin 2d (cos d +sin0) - cos 20 (cos d - sind) 

{sin 20 + (cos0 + sin 9y\ (cos 9 - sin 9) 
*'{sin20- (cos0 - sin0)*}(cos0 + sin 0) 

2 sin 20 + 1 X A x>v 

» — : — tan (45« - 0). 

2sin20-l ^ ^ 

sinn0 + sin(n-2)0«2sin|^{n+(n-2)}0.co8^{n-(n-2)}0 

e 2 sin (w - 1) 0. cos 0. (Art. 23.) 

sin*0 - sin*0 = ^ { (l - cos 20) - (l - cos 2 ^) } 

«= ^(cos20 - cos20) = sin (0 + 0).sin (0 - (p). 

.0 2 2 2sec0 

sec*- = 



2 ,0 1 + COS0 l + sec0 

2cos*- 
2 



2 sin - 



vers0 1 — COS0 2 ,0 

= tan* - . 



vers (I8(fi - 0) 1 + cos .0 2 

^ 2 cos* - 

2 

1-2 sin*0 cos*0 - sin*0 cos - sin 1 - tan 
1 + sin 20 (cos + sin 0)^ cos + sin 1 + tan ' 

cos + sin (cos + sin 0)* sin 20 + 1 ^ ^ ^ ^ . 

7i :— ;;= ^^ — :r7i r-^ « ;^— "= tan 20 + sec 20. 

cos — sm cos*0 — sin*0 cos 20 

cos«(0 + 0) - sin«0 - ^[{l + C0S2 (0 + <p)} - (l - cos20)] 
« -J {cos 2 (0 + 0) + cos 20J -COS (20 + ^) .cos 0. 

/ . 0\« 

/% /x . /» I cos sm - 1 ^ 

2cosec20-8ec0 l-sin0 \ 2 2/ ^l ^ 9\ 

2cosec2d + 8ec0 l+sin^ { 9 . &\* \ 2/ 



(cos- 



+ sm - 1 
2; 



f2 
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2 2 2 

sec0 



\/4 cos^0 \/2 + 2 cos 2 \/2 + '\/2 + 2 cos 4ff 

for 2 cos 20 = \/2 (1 + cos 40). 

(sin 9 + sin 0) . (sin 9 - sin (p) 
= 2 sin ^ (0 + 0) . cos ^ (0 - 0) X 2 cos ^ (0 + 0) sin ^ (0 - 0) 

= sin (0 + 0) . sin (0 - 0). 

8in9-sin0 ^ cos ^(g + 0). sin 1(9-0) ^ ^ _ x rf? . ^^ 
COS0 - CO80 sin i(0 + 0).sin^(0 - 0) ^ ^ "*" ^^* 

^ sin^e + cos^e 2 

tan 9 + cotd = -p: — : — r- = -; ;, = 2 cosec 20. 

cos^.smd sin20 

1-C0S9 2 single 

l + cose 2 cos' ^9 ^ 

COS0 + COS0 cosl(0 + 0).cos^(0-0) + G — <p 

COS0-COS0 ~.sin J(0 + 0).sin^(0-0) " 2 2 

2 (sin'0.sin^0 + cos*0.cos*0) 
= |{(1 -cos20).(l -COS20) + (1 +cos20).(l + cos20)} 

= 1 + cos 20, cos 20. 
cos (^ + JB) . sin (A - JB) + cos (B + C) sin (5 - C) 

+ cos (C + D) sin (C - D) + cos (D + A). sin (2? - -^O 
« J {(sin 2 J - sin 2J?) + (sin 2B - sin 2C) 

+ (sin2C - sin 22)) + (sin 22) - sin2A)] « o. 

2sin0-sin20 1 - cos0 2sin«i0 „d 

ss ^ =— ss tan "~ 

2 sin + sin 20 l+cos0 2cos*^0 2* 

2 vers fgo^^ + -j . vers ^90° - - j = 2 [ 1 + sin -) • ( 1 - sin-] 

9 
= 2 cos^ - « 1 + cos = vers (180® + 0). 



sm 
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in (0 + 0) + sin (0-0) = 28in0cos0 = 2 sin 9 (l -2sin*2j; 

.•. sin (0 + 0) - sin = sin - sin (0 - 0) - 4 sin 0, sin*2- . 

4 sin (9 - 0). sin (wi0 - 0). cos (0 - m9) 
*= 2 [cos (l - fn)9 - cos {(l + w)0 - 20}] cos (l - m)0 
= 1 + cos (2 - 2m) - cos (2 - 20) - cos (2m0 - 20). 

» __ tan (a - 0) .cos* (a - 0) sin (2a - 20) ^ 
m tan0.cos^0 sin20 

n — m sin (2a — 20) - sin 20 
w + f» " sin (2a - 20) + sin 20 



• . 



sin (a - 20) .cos a tan (a - 20) 
cos (a - 20) .sin a tan a 

3. Since 

m . sin /3. (cos a + sin a • tan 0) = n sin a (cos /3 - sin /3. tan 0) ; 

n tan a — m tan j3 

.*. tan = r '—pr . 

(m +92) tan a. tan p 

4. Since tan » 2 sin . cos ; 

.'. sin = S5 sin w tt, whence chd. 0=0 or ± 2 ; 

of, 1 ns 2 cos^0, and cos =■ ± — ;:^ ; 

\/2 

whence chd. « 2 sin - = v/i \/l - cos0 = y/^ «f y/^. 

5. 2B ^ A + C, and therefore 

^+C . i<-C 

• ^ cos sm ^ 

sin -4 - sin C 2 2^ cosjg 

cos C - cos ^ . A + C . A -C sin jB * 

sin — sm 
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a j3 

^ tan - + tan — 

6. Tan^^t^ ? " 



a i3 
1 - tan - tan — 
2 2 



tan 



2 \ 2/ ., ^ ^ 

-j§ -^tan/J-tan^y, 



1 - tan* - 
2 

i.e. a + i3 B 27. 

. ^ " *" 2\ 1 - tan*0 + tanid 
7. Since m« = 1 + S( I = 4 — ^^ — , 4^.^ 

l + tan*^/ (' -^ ^''"'^^ 

2 
4 (1 + tan«0) 4 



(l+tan«0)» (coste + siniiey' 
.•. (— j = cos'0 + sinJft 

8. By division cos - — cos ^ ; also sinO ss m sin0 ; 

.•• 1 = m* (1 - cos*0) + — - cos*0, 
or w^ (1 — m*) ss m^ (1 — »^) cos*0 ; 



n ^ /l - i»^ 
.*. cos =» ± — . \/ ; 



and .'. cos = ± V r , and sm «= + \/ « • 

9. Cos a + sin a . cot s w, and therefore 

cot0 = -; cota « eot0 - cot a suppose, 

sma '^ 
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(for cot (p njay have any magnitude), 

- sin (a - d)) 
sm (p sm a 

/. Z cot » Z sin (a — 0) - Z sin ^ ^ Z sin a + 20, 
where (f> is known from 

Z cot » logiofn — Z sin a + 20. 

_ , 2 sin d . sin \!r 2 

10. Tan <h = -—z ; / . , « ; , 

^ sin0 cosy + cos0 . sin>|/' coty + cot0 



112 
tan Q tan ^ tan * 



11. Since tan (0 + + >/^) = tan (2n + l) 90^ ; 

tand + tan0 + tan>/r — Stand tan0 tan ^ 
1 - (tan0 tan>|/> + tand tan>|/> + tand tan 0) 

.*. 1 — (tan0 tan\^ + tand tan\^ + tand tan0) b 0. 
Also sin 20 + sin20 + sin2>/r 

e= 2 sin(0 + 0) cos (0 - 0) ± 2cos(0 + 0) « cos\^ ; 
■= ± 2 cos>/^ Jco8(0 + 0) + cos (0-0)} 
{since sin (0 + 0) e= i cos >j>, and cos (d + 0) «^ "^ sin >|^} 

e ± 4 COS0 . cos . cos \^. 

1 + i 

12. Tangent of sum = — ^- ^, s |. s i. 

^ 2 sm* - ^ 

^.0 2 1-COS0 

IS. Since tan - = ^ ^ = — z—z — ; 

2 . Q Q 8in0 

2 sm - cos - 
2 2 

1 - COS0 1 - sin^e 
sm Q sin Q 
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/. COS*0 + COS© = 1, or COS0 «= ^ (± y^- 1), 

which determines 6. 

sin (a —a?) cos ^ 

14. Since w =» — 7 ^ — -. — ; 

cos(a— a?).sin^ 

n - 1 sin (a — 2a) sin (a - 2^) 

' * n + 1 sin {(a - 0?) + a?! sin a 

15. Cos (40 + 0) 

■■ COS0 . (2cos*2 - 1) - sin0 . 2sin 20 cos 20 

-s COS0 {2 (2 CO8*0 -1)^-1+4 (cos*0 - 1) (2 cos*0 - 1) J 

- COS0 (l6cos*0 - 20 cos*0 + 5) 

= 16 cos*0 - 20 cos'0 + 5 COS0. 

tan0 + 



^ ^ ^ 1 - tan*0 S tan - tan'0 

16. Tan 30- — = — -. 

^ 2tan0 1 -Stan*0 

1 - tan0. ^ 

1 - tan'0 

17. Sina=sin(0+a)-sin(0-a)- {sin(20+a)-sin(20-o)} 

8 2 sina (co80 - cos 20) ; 
.'. 4 cos*0 - 2 COS0 = 1 ; 



and •*. COS0 



4 



and = 2nir ± - , or (2n + 1) tt ± — * 

5 ^ ^ 10 



18. 2 = 2sin*30+4sin«30(l-sin*30)=6sin«S0-4sin*se; 
.-. (sin«30-|)« = ^.i = ^, 



/ S i 1 1 

8inS0=±\/ — -— = Jii or ± 



4 y^' 
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.♦. 



2n =t 1 4n ^ 1 

SB IT or TT, 

6 12 

COS0 COS - + sm sm - 
2 2 

19. The second side « sin0 . 

da 
.cos- 

cos 



"-!) 



s sin . a tanft 

cosd.cos- 
2 

Hence cot 20 = 0= cot (2» + 1)90® ; 

/. = (2n + 1)45^ 

20. Cos cos >/r + sin d sin \f^ 

« cos(0 + >|^) + sin (0 + >|^) tan0 ; 

•*• tand • tan>|r s — tand tan yf/ + tand tan0 + tan0 tan>|^, 

2 1 1 

tan0 tand tan^* 

sin^fft o o * . tan<A 



or 



sin^e ' r r^ r ^^q 



tan«0 



^ . a , , / 1 tan^ 0\ tan'0 , ^ tan* 

^ \cos sin*0 y sin*0 ^ tan^ 

COS0 , COS0 — COS0 1 — COS\!r 

22. — ■ — ss cosw ; .•. : = =--j 

COS0 COS0 + cosd 1 + COS>|/> 

or tan ^ . tan -*- « tan*— . 

2 2 2 

1 + w sin (29 + 0) + sin0 ^ tan (0 + 0) 
1 - m sin (20 + 0) - sin^ " tand 
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24. Cos 20 + S COS 20 . COS0 » ; 

/. COS 20 B 0, and 1 + 2 cos » 0, 

whence = (2n + 1) -, and = (2n + 1) tt ± - 

NUMERICAL VALUES OF FUNCTIONS. 

1. Sin + sin (72« + 0) - sin (72« - 0) 

- {sin (se» + 0) - sin (S6« - 0)} 
= sin0 . {l + 2 (2 cos* 36® - 1) - 2 cos 3&^] 

l + \/5| 



B sm 
= 0. 



in0.{^l+i(6 + 2v/^).i:t^l 



2. Sin (45« - S0») = -^ (cos 3(fi - sin 30») « "L^ ; 

V2 2\/2 

... CO8150 = v/irr5iini-o . y/^^4-.2V^^v/i+l^ 

8 2\/2 

150 y \/s 4. 1 

chdl5«= 2sin — « v^v/l - cosl5«= V2--^— w-> 

sin 15® v/F- 1 



tan 15<» 



cos 



3. Sin 75^ « cos 15« = ^^— ti by (2). 

21/2 -^ ^ ^ 

4. Sin 18« . sin 54® « ^^ ^ ^ . ^il±i - 1 = sin»30^; 

4 4 '^ 



5. 2 cos 11<» 15' « v'^Vl + cos 22® 30' 

«= V2 + \/2\/l + cos 45® 

« N/2 + v/2 + -y/l 
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6. Tan20 = -^ = 4; 

.-. tan (9 + 20) - '^ "t % - II = tan 45« ; .-. + 20 - 45^ 

tand + tan(^ 

7. Sin (0 + 0) « y o^ / > 

^ \/l + tan«0 v^l + tan«0 

1 1 

+ —7= 



y — / = — . (V 5 + 1) 

Vl +-|^.V 1 + iV 2 X 4 "^ 



= cos 60^ . cos 36^. 

8. Chd 120® = 2 sin 60« « v/sT^ tan 60®. 

1 
1 + — 
r« , « V 239 120 



'• 


239 




2 




^55 




tan.O- ^-^g. 




1 

25 




10 




12 120 
25 119 
144 




.-. 4 = 45« + 0, or 4 - « 45®. 


0. 


Sin 12« = sin (S0« - 18®) 



= 1^ {y/lO + 2\/5 - \/s (n/T- 1)}, 

COS 22« i = ^i±s^ „ i v^^lVi: 

cos go B I (V'l + sin 18" + \/l - sin 18«) 
= i (V^3 + \/5 + V^5 - -v/i). 
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SOLUTION OF, AND FORMULAE RELATING TO, 

TRIANGLEa 

^ , ^ -rfZ> + BD ' , , 

1. Cot 24 + cot 5 « — — — , fig. (1), 

- cosec B. 



a sin jS a 
. A f B+C . B . O 



The first side = sm — ( cos + sm — sm — I 

2 \ 2 2 2/ 

. B f A-hC . A . C\ .,C 

+ sm — cos + sm — sm •— | + sm* — 

2\ 2 2 2/2 

_C . C . ^ + 5 

»m* — + cos — . sm 



sm' 

2 2 2 



sm* — I- cos*— « 1. 
2 2 



The second side 



(«« + &*) ^cos»J+8iD»^) -2o6^cos^|-8in«|) 



« a* + 6* - 2a6cos C ^ (?. 

B+ C B - C 

The first side = sin -4 + 2 sm cos 

2 2 

^/ 5 + C 5-C 

ss 2 COS —I cos + COS — — 

2\ 2 2 

^ 5 C 

■= 4 cos — COS — cos — . 

2 2 2 



I 



The first side • sin 2 -rf + 2 sin (J? + C) cos (B - C) 

= 2sin^ {cos(5-C) -cos (B+C)} « 4 sin J sin iff sin C. 
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B C 

j' n ^ tan — + tan — 

^ A B •¥ C 2 2 

Cot — ss tan 



2 2 B C 

1 — tan — tan — 
2 2 

C B 

cot — H cot — 
2 2 



cot — cot 1 

2 2 



• ^ .5 C ^ B C 

.'. cot — , cot — , cot — = cot h cot — + cot — • 

2 2 2 2 2 2 

a' - 6' a - 6 a + ft sin -4 - sin J? sin ^ + sin B 



c* c ' c 




siu 


C 


■"^ • 


sinC 


sin (A + B), 


. sin 


M- 


-B) 




sin (A - B) 


sin 


*C 








sin C 


o + 6 sin ^ + sin 


B 


sin 


A + 
2 


5 


cos 

2 


c " sin C 




sin 


(7 


cos — 

2 


A +B 

cos 

2 


cos 




B 


cos J + cos B 


sin* 


2 






^ 


(7 ' 

2 sin* — 
2 


The first member 













B= (^ cos jS + ft cos ^) + (6 cos C + c cos B) + (c cos J. + acosC) 
*:c -k- a -b b. See fig. (l). 

2. r . (a + ft + c) = iJ2 (sin 2 J + sin 2 5 + sin 2 C), 
and (a + ft + c) = 2 iJ (sin -4 + sin 5 + sin C) ; 

^ sin 2 ^ + sin 2 jS + sin 2 C R sin ^ sin B sin C 

"2 sin J + sin J5 + sin C "* 2^ ' ABC 

cos — cos — cos — 
2 2 2 

^ ^ . ^ . 5 . C 

e 4 ic sm — , sin — . sm — . 

2 2 2 
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S. Let CD = p, fig. (1), AD = .v, BD « y; 



then AC - \/jp' + a^, BC ^ V^p* + yS 
and AC + BC « vp* + a/^ + vp^ + y* '^ a suppose.*.(l), 

and AD - DB = /r - y «= 5 suppose. •« (2), 

solving (l) and (2), we find by substituting in the expressions 
for AC and BC, 



JC - \/p« + i(S±a\/i.-i^y' 

BC«Vp« + i(.3=.ax/73^)l 
4. Let ^ « tan ^ ^' « tan B, fig. (l), CD « p, 
then ^.^-^.-^-^,ifa««^D.5D; 

- tan C = - m, if HI = tan C, 



1-^.^' 



and therefore ^ + ^' = i».f— -ij. 
Hence < -i{» (^- l) ■'\/"'(^- l)'-«^} 

which give i^ and jS. 

5. Let Tij r29 rs9 be the radii of the circles^ which 
respectively touch the sides a^ b, c; then, putting 

S ■* v/« . (« — a) . (« — 6) . (« - c) where 2« ss a + 6 + c. 



1 1 1 «-a «-6 «-(? 

S8 - 28 8 1 
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6. If a, 6 be the sides to which a, /3 are drawn. 



4 ♦ 



... /3«-- - -a%and...a = 2 V-V-- 

So6 = 2 V — j7^; 

7. Let k = area, 2« = perimeter, A =» the given angle ; 

tan- = v^^ . V ; .-. — 7-«.(«-o); 

2 8 .{8 ^ a) ^ A 

^ ^ tan — 

A? 
.•, a = 6 - . , the ride opposite to Z-4. 

« . tan — 

2& 
Again. & « i 6c sin i<, or 6c = -: — 7 , 
^ * sm A 

and 6 + c « 2« — a ; 

... b^c^^\/{2s-ay^^^; 

sin ^ 



.*. 6 =s ^ \(^8 - o) > '\/(25 - aY - 8A? cosec/l}, 
c « ^ {(2« - a) =F \/(2tf — ay - 8 A? cosec A\. 

AB 
8. Fig. (2), sin ACB « — ^ sin ABd 

.-. L rin ACB = log 7639 + L sin 43° 8' - log 5780, 

« 3.8830365 + 9.8348646 - 3.761 9278, 
« 9.9559733 = L rin 64» 38' nearly ; 



96 TRIGONOMETRY, 

.-. JCB = 64^ 38' ; and /. BAC = ISO® - 107^ 46^ « 72«i4'. 

A 1 -^^ j-r^ sin BAC 
And BC « ^5 . -^ — j^— ; 

Bin ACB 

.\ log BC = log 7639 + L sin 72« U' - Z sin 64« 3S\ 

= 3.8830365 + 9-9787770 + (.044031 1 - 10), 

= 3.9058446 = log 8050.9 ; 

.-. BC = 8050.9 feet. 

9. The angles being as 3, 4, 5, and their sum 180®, the 
angles are 45®, 6(fiy 7^. 

And area of the triangle 

r 
= - (sum of the sides) 



« r* I cot — h cot — + cot — 1 
V 2 2 2/ 



A Ti C 

r* cot — cot — cot — (Ex. 1, p. QS) 
2 2 2^ r / 



= r« 



sin ^ + sin J? + sin C 
cos -4 + cos B + cos C — 1 

1 \/s \/s+ 1 
= + + 



, \/2 2 2\/2 

1 1 \/3- 1 
^ + -H- 7=--l 



r" 



\/2 2 2y/2 
1 + \/2 + \/3 — 2\/2 



10. Let CD = d, CEr> w. Fig. (3). 

1 nh 

Then /rd sin C « -a6 sin (7, or /p = — ; 

3 3(/ 
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.% DE^ = d' + or - 2da? cos C » cr + — rr • 

or DE^^ y/a'b^ + 3d« (c* + 3d" - a« - Vy 
Sd 

11. Let A, B be the given angles and a the given side. 
Fig. (1). 

sm C 

Area =■ i CD x ^^ « i o sin 5 x a -; — ~ 

* * sm A 

a* sin 5 , ^ ^ ^^ 
= T- - — T sin (A + 5). 

12. If X) be the pointy and a, /3, y its distances from 
^, 5, C, Fig. (4) 

c* « a* + /3* - 2a/3cos I20» = a* + a/3 + /3^ 
.-. c = \/a* + o/3 + /3% 
so 6 » \/a^ + 07 + 7% and a = \/)3* + /37 + 7*- 

And the area ABC 

« the sum of the areas BDC^ CD Ay ABB 
■= \ («/3 + ^7 + /37) sin 120<> 
\/3 



4 



. {a/3 + a7 + /37}* 



13. Let 07 — y, 07, 07 + y be the sides^ 
Ry r the radii of the circumscribed and inscribed circles ; 

then, putting w ^ y^ w and 07 + y for a, 6, c in the expi'essions 
for R and r (Arts. 47, 48), we have 
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.•. 4;* - y* « (distance between the centres)* 
^R^^^Rt (Ex. 25, p. 115) 

"S(^.4s^)"*(^"^^- 
Hence, S»' = 15y* or ot* = 5y*, and therefore the sides are 
y(v/5-l), yv/5, y(\/5 + i); 
i. e. they are as v^5 - 1, \/5, \/5 + 1. 

14. Let (o^AD, y^BDy Fig. (5) 

a? ulC 5 + 5 90 + 5-^ 1+^ 

- « -—- a= tan ca tan — ■= . 

y BC 2 2 1 - ^ 

15. Let r B rad. of the circle inscribed in the triangle ABC; 

(A JO\ 

cot — + cot — I , and so for BC and AC. 
2 27 

16. The angles being as 2, 3, 4 and their sum « 180^ 
they are 40®, fiC/^, 80® ; 

a + o sin 40® sin 80® , ^ -4 

••• — T = . ^ ^ + . ^ ^ = 2 COS i 40® ■= 2 COB— . 

fe sin 60® 8in60® ^ 2 

17. The angles being as 1, 2, 3 and their sum « 180®, 
they are SO®, 60®, 90®; and the triangle therefore is right-angled. 
Hence ABC being the triangle right-angled at C, 

its area = 4 JC . BC = — cosec 30®. cosec 60® « — v/s . 
* 2 8 

18. If n - 1, n, n + 1 be the sides, and A the least 
angle, 

w + 1 sin 2 ^ (w + 1)* + w* - (w - 1)* w + 4 

B — -; — — B 2 cos ^ 8 ■- a ; 

w - 1 sm -4 n . (w + 1) w + 1 
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.•. (n + 1)* « (n - l).(n -I* 4) or n 8 5 ; 

therefore the sides are 4}^ 5^ 6\ 
the angles are 82<>.5(/, 55^.4>5' and 41<>.25'. 

19. The point (0) is the centre of the circumscribed 
circle, let ABC be the triangle, 

then p, q, r being the perpendiculars upon the sides a, 6, c, 

^ « tani BOC = tan J ; 
p ^ 

a b c 
.'. - + - + - s 2 (tan J + tan B + tan C) 
p q r 

a 2 tan ^ tan £ tan C 

a b c 
= 2 



2p 25 2r 
abc 



4tpqr 
20* The sides were found as well as the angles in Prob* 6. 

21* The perpendicular from the angle C on AB being p, 
and D the diameter, 

pwBa.sm Bf and 2> sin ^ ■> 6 ; /. Dp s a6* 

22. O being the centre of the inscribed circle and r ■> its 
radius, Fig. (6), 

T^DC^CE\ also AB ^AE + BD^ 
i.e. -4C + BC exceeds AB by EC + CD, i.e. by 2r. 

23. If J5C J'B'C' be the triangles, 

A^A\ and B + B' = 180% 

then sin A « sin A\ sin j9 a sin B' ; 

a sin A sin J' a' 
6 "" sin 5 sin B' b' * 

g2 
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24. If a, 6 be the given sides, A^-Bis the given 
difference ; 

A ^ B a + b A-B . . 

.*. tan « r tan , is known, 

2 a-b 2 

^ , AatE il-5 „ A^B A'B 
and A « + , B = 

2 2 2 2 

are therefore known. 

Also C =» 180<> -(A + B)y and c « o . ^^. 

sm^ 

25. If ^ be the given angle^ JT » the area> and 2 ^S" the 
perimeter, 

r = rad. of inscribed circle = -^ > 

2<y — oa:6 + ca=o + 2rcot— ; 

2 

.•. ami <2*y - 2r cot —>«=*>- --cot— ; 

* \ 2j -y 2 

.'. + e« <y + -7;Cot — , also be ^ -. — -; 

S 2 sin A 



.% 6 - c 



.//^ ir A\* sir ,^ 

V(-y+-cot-j .^^-Jf suppose; 



.-. 6-i^^+-cot- + Jlf) 



i('S' + ^cot-.JIf). 



Also sin 5 « - sin Ay and C = 180® -- A-^ B. 

a 

26. Let ACB « 7 the given angle ; a, 6 the given sides, 
CD being drawn to the middle point of AB. 
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Let L BCD - Gy CDB « 0, 

sing BD sin (7 - 9) AD 
sin^ ^ BC ' sin (180» - 0) " -4C' 

sin (7 - d) a . a 

•% — V— ;; — ^ ■= r J or sm 7 cot — cos 7 « T ; 
sine 6' ^ ^6 

.•. cot tan 7 « 1 + -sec 7 « 1 + tan' y suppose ; 

.*. cot 9 = cot 7 sec*>|/, where y\f is given by 

tan*>lr =5 —sec 7. 


27. If ^, y, af be the angles, 

Of -' «B a the given difference, 
then «^ a ^ ay y = 180® - (2w - a), 
and, by Ex. 20, p. (89), cos a . cos y « cos (^ + » — y), 
or cos a . cosy = cos (2^ ^ a ^y) ^^ cos (ISO® - 2y), 
or 2 cos^y + cos a cos y - 1 = ; 

.•. cos y B 1^ (- cos a =!> v/s + cos* a) which gives y : 

2 2 

Then^" * 



sm Of sm y sm )ir 
give tKe remaining two sides when any one is given. 

28. a + 6 + e B 2iZ (sin ^ + sin fi + sin C) 

r sin -4 + sin 5 + sin C 



2' . J . 5 . C 

sm — sm — sm — 
2 2 2> 



by Ex. 2, p. 9S. 
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J B C 

cos — COS •— COS — 

a -^ b + c 2 2 2 1_ 

'~^ '^ . J . B . C "^ J^ B^ C* 

sm — sm — sm — tan •— tan — tan — 
2 2 2 2 2 2 

29. If Cbe the given angle, c the base, and a — 6 b £ the 
given difference; 

. A-'B 

sm- 

a — 6 sin ^ - sin £ 2 

since ' 9 — 



e sm C C 

COS — 

2 

, J-5 S C ^A+B ^ C 

.'. sm- = -cos—, and = 9Cr , 

2 c 2 2 2 

, ^ J + jB A-B „ J + 5 ^-5 

and A = + , B « ■ — 

2 2 2 2 



so. If w — y, Wj w -hy be the sides of the triangle. 



its area 



^yfifm^y- 



also each side of the equilateral triangle of the same perimeter 



and Its area /. » \/ — ( — | ; 

^ 2 V2/ * 



••• 1= V — :i-^»or l6a?^«100y«, or- = 4; 

'4r y 

.-. a?-y : a? : «? + y «|y : |y : |y = a : 5 : 7, 

and if be angle opposite w + y, i. e. the greatest angle, 

5« + S« - 7« 

cos0« — «s -M« -i«coBl20^; 

2x5x8 SD^ ^ 

.-. « 120». 
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31. See Hymbbs' Tbigonombtby, p. 139* 

32. If ^, -, - be the angles, a? « 4 . 180^, 

2 4 

and if a, b, che the sides, a the greatest^ and 28 ^ a -^ b + c, 

B C w a 

tan — tan— , or tan— tan — 

2 2 4 8 



/(s — a) (» — c) (» — a) (« — 6) « - a 



•*. a ai « • I 



1800 9(fi\ 
1 + tan tan — f . 

7 7 y 



33. U a sin nA + sin n^ + sin n C 

^ . ^ + 5 J-5 . ^ 

«s 2 sin w— COS n y sm n C, 

2 2 ' 

or if n be of one of the forms 4m -f 1, 4m + 3 

nC/ J -5 A^B\ 

as ± 2 COS — I cos n — + cos n 1 

2 \ 2 2 7 

nC n^ n^ 

■s A 4 cos — cos — cos . 

2 2 2 

But if n be of one of the forms 4m^ 4m + 2, 



/ A^B A + B\ 

I cos n cos n ) 

V 2 2 ; 



. nC f A^B A+B 

C/« ±2sin ^ 

2 



. nC . nB . w^ 

sfe 4 sm sm sm — • 

2 2 2 



34. The triangle in this question is impossible. 
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HEIGHTS AND DISTANCES. 

1. BC«300.tan25M0'; 

.•. log BC - log 200 + Z, tan 25®. lO' - 10 = log 93.97 nearly ; 

.-. BC « 94 feet nearly . 

2. Let w e DE be the height of the balloon. Fig. (7), 
ay (iy 7 its altitudes at A, B, C and AB » BC « a« 

Adding the squares of DA and 2>£7 obtained by means of 
Art. 30 from the triangles DBA, DBC^ we have 

AD" + DC* « 22)iP + 2^5% 

/ 2 

or w 9s a \/ ■ ~ • 

cot* a + cot* y — 2cot* p 

3. It w m AB the height of the mountain. Fig. (8), 
CD the base, Z BCD = 580.29', CDB = 111\52' ; 

.-. CBD^9\S9\ 

and BD A ^ 11\ 1S\ 

^^sin BCD . ^^ , 
Of ''CD -;———.. sm BDAy 
sm CBD ' 

log w = log 2761 + L sin 58^ 29' + L sin 11^ 18' - L sin gp. 39' - 10 

«= S.43954 1 9 - log 275 1 .325, 

w = 2751 J feet nearly., 

4. If ^5 be the tower. Fig. (9), 

lACB^ 55\ ADB = 48% 
and therefore DAC ^Ty and DC = SO feet, 

5C = ^C . cos ^Cfi = Z)C^I^^4?S- «>s ^C-B; 

sin DAC 
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.-. log BC = log SO -f Ir sin 48° - Z sin 7* + Z cos 65^ - 10 
B log 104.928, 
Bd = 104^28 feet- 

5, Let AB » a (fig. 10) be the tower, CD « a the pillar, 
£ the place of observation on the horizontal plane, a » Z AEC. 

At A let the angle CAE — /3 be observed, and 7, 5 the 
angles of depression of C, £ ; then 

AC ^ {x -- a) cosec 7, AE = J7 cosec 5 ; 

AC w -- a sin S 



sina 

• 



sin (a + fi) AE a: sin 7 ' 

sin 5 sin (a + )3) 
sin 5 sin (a + )3) - sin a sin 7 * 



.*. /p s a • 



6. Let AB (fig: 9) be the tower; 45®, 30® the depres- 
sions of C and 2>, then CB » J£ » 50 feet. 

BB = 50 tan W « 50 v^» 
.-. DC « DB^BC^ 50 (>v/3 - 1). 

^D = 50 cosec 30® »= 100 feet. 

7. From (fig. 11) DjB « -BjB, and therefore the per- 
pendicular BF on AC bisects DJE; 

.*. AF as o + - . 

2 

Also the angles are 30% SO®, 120®; 

•'. BC '^ AB m AF cosec 6(fi 
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8. If EC (fig. 12) = a, a - z ACF, fi « BCG, y - JCJEj 
h^ACB, cAECy then 

j-r^ j^ ' sine 

AF « -4C . sm a B a . -r-r r . sin a. 

sm (7 + «) 

^ « ^ sin e • ^ 

So5G«o.-7— ; = r.sin^. 

sm (7 — + 6) 

9. This is the same as (6). 

10. If AB (5g. IS) be the tower, AC ^80 feet measured 
along the declivity; ACB ^ SCfi^ and JCD = 15% if CD be 
horizontal, then 

AB « 2 JCsinl5« « ^^I X 80 = 40>v/2 (y^ -l) « 41 feet. 

11. Fig. (14). If AB « a, jBC « 6, and 0, 90* - 0, 20 
be the elevations of the steeple at A, By C, 

DE^(a + b)sm29; 

and sincse angle DEB - 90® - DBE « 9, 

DE tan d + a » DE cot 6 ; 

or {(a + &)sin2fl}.tan0 + a= {(a + &)sin20}.cot09 

2 (a + 6) sin*0 + a « 2 (a 4- 6) cos^ft 

(a + 6) cos 2 = -; 

2 



.% D^ = (a + 6) sin 20 = \/(a + 6)» - - . 

12. Fig. (15). Let AB » 108, and CDr^whe the heights 
of the tower and column, 

z EAC = 30% z EAD « 60», and .-. z c!iZ> « CD^. 
Hence CA:^ CD; also z C^5 « 60% 

.'. (108 - a?) . sec 60® as Wj 
or 3w=^ 216, /r B 72 feet. 
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IS. Fig. (16). If o « ABy L DAB - ai, DAC « a,, 

DBA - i3i, D5C « jSg, DC^ « 71, DCB - 7,, 

»v ^ ^^ fAnDBA sinjSt 

DA^AB.- — 7^=7^ « a. -7 



sin JjDjS sin (ai + j3i) ' 

sin /3i 1 sin (ag + 71) 



I sm (oi + i3J j 



So BCma.- 



sm7i 
sinoi sin 033+72) 



sin (oi + /3i) * sin 72 

^ ^ sin fli sin ag 

DC»a. . ^ o\ ^ ~: ' 

sin(ai + pi) sin7i 

and therefore if 2>jEJ « A, CE = y/D(? - A* is known, which 

is reduced to a form fit for logarithms by putting — — a sin ^* 

14. Fig. (17). If AB be the tower, x its height, -4CB» 
ACDy the observed angles ■■ a, /3> and £Z) « a the distance 
from the road CDE ; then since ADC is a right angle, 

/rsin)3 



JD«^Csinj3 



sin a ' 



sm'a 



o • sin a o • sm a 

Ofm 



v/sin*/3 - sin*a \/sin (jS + o) . sin (j3 - a) 

15. Fig. (18). Measure the distance AB « a between 
two objects on the accessible bank, and from A^ B observe the 
angular distances a, /3 of B and A from any well-defined 
object C on the other bank, and let CD be perpendicular to 

AB. then the breadth CD - C5 sin fl « a ^!" ^ ' °^" ^ • 
* '^ 8in(a + )3) 

16. Fig. (19). Let the plane of the paper be the vertical 
plane through Ay By C; BE horizontal, AE vertical. 
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JE « AB sin 6o» = ^^^—BC —. r- « ^^^ := miles 

2 sinl5<> 2 v/s-1 

= (S + \/s) 880 yards « 4164.204 yards. 

17. Fig. (20). If JB be the object, BC the tower, D 
the observer, 

tan ADC - tan J?Z)C 6 x lOO 

.015. 



1 + tan ADC tan BDC (100)* + a^ (cT + 6) ' 
a^ -^-Sw ^ 30000, 0? = 170.23 = 170^ ft. nearly. 

ILLUSTRATIONS OF THE CIRCULAR MEASURE. 

Obs. The ratio of the numerical representatives of two 
angles will be the same, whatever be the unit to which the 
angles are referred. Hence, since the circular measure of an 
^ngle containing 180^ is tt, (3.14159), we can always by a simple 
proportion transfer from one system to another. 

1. Let <v be the number of degrees in an angle whose 

circular measure is — , then 

7 

IT : — :: 180 : ^, whence jff = 25^ 42^1-. 

Th^ equivalents to the remaining quantities are 85^ 5ff. 37", 
1140. 35'. 29", 237^. 17^. 45", and 179°. 54'. 32". 

2. Ans. .244346, .270506, 2.09438, .3, 1.6065. 

3. |- X 90 : 45 :: 1 : /r (the required value), whence 

^. arc subtending the unit of angular measure 

4!. idince * *s 35 y 

radius 

this arc » ^ radius : 
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or the unit is the angle subtended at the centre of the circle 
by an arc equal to half the radius. 

5. Ans. .00029- 

6. Let n be the number of seconds in the angle whose 
circular measure is d, then 

n 9 ^ /) • ,/' 

— =a -: — ' 5—77 = -: — J, ; /. u =n sm I , 

1 circular measure of 1 sm 1 

and .•. sin = n sin l" - ^ (w sin l")'. 



MISCELLANEOUS PROBLEMS. 

1. If o = PA, b - PBj c c» PCj w - AB, 9^ z ABPy 
P being the point within the square ABCD, then, 

a* S3 6* + a;* - 2bw cos 9, from A ABP, 
c* « *• + j;* - 26.1? sin 0, from A PBC. 
Eliminate 9y and solve the resulting equation, then 

a;* « i { a« + c« ± \/A^b^{a^ + c» - &•) - (a»- c«)«| . 

2. If AB « o, jBC « 6, CD ^c, DA^ d, AC^a, 
Fig. (21) 

r = cos ABC = - cos ADC « ; , 

2a6 2cd. ' 

(a' + 6^) . cd + (c' + cP) . o6 



^ 



aft + cd 



/(ac + bd)(ad + bc) 
ab + cd 



3. sin - vers d « sin d + cos - 1 « v^l + sin 20 -I, 
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which is positive while lies between and 9(fi, and is greatest 
when 20 « 90^, or =* 45® ; and then the excess = \/2 — !• 

4. Let ABCD be the figure, AB a a, J7C « 6, C2> « c, 
DA^d. 

Let (6, a) denote theZ between the sides 6, a, &c*..« 

a s d cos (d, a) + c cos (c, a) + 6 cos (6, a) ; 

.*. 2a^ ss gadcos (d, a) + Sac cos (c, a) + 2a& cos (6, a). 

Also a' + d* - 2ad cos (a, d) « 6' + c* - 26c cos (6, c) ; 

••. d* = a* + 6*+c*-2{accos(a, c) + a&cos(a, 6)4-&ccos(&, c)}. 

5. Fig. (22). If ABCD be the base, AB ^ a, E the 
vertex, £jP perpendicular to the base meeting it in F^ the 
intersection of the diagonals; then if K be the bisection of 
AByAEKF is the inclination required as / suppose; 



, FK la 
.*. cos/ 



EK ay/s \/i 



6. Fig. (23). If -i, By C, a, 6, c be the corresponding 
positions of the two ships, AN the north line through 
A, 0^NAC, 

ab p AB ^ «. ^ .11 . . ^^v 

— ■» - =5 -— -; .'. A a. Bo, Cc will meet m a point (O). 
5c 9 BC 

p AB BO sin{(g-j3)-(g-a)} sin(0-7) 



g BO'SC sin(0-a) ^sinK^" 7)-(^-/3)} ' 

or ifP s;"(/^-7) ^ j^gi^ (0 - a) = sin (0 - 7) ; 
5^ sin(a -p) / X /z 

, ^ _ X sin a - sin 7 

and .'. tan = . 

X cos a — cos 7 
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7. Fig. (24). The sides of A Oi Og O3 are \/i, 2, 1 ; and 
the area 

yv / 3 + \/s 3 - \/3 s/s + 1 y/s - 1 y/s 
2 2 2 2 2 

and if ri = i(>/s - 1), n--^(\/3 + 1), n-^^(3 - \/i). 



AOiJB 



'i—Ao.o.o.^itz3^y^^'^ 



So AOaSC = 1(2 + \/i), and A OsCJ = |(6 \/i - 9) ; 

... AJ5c = :^-(|v/i-|)-^-::^. 

8. If uii, ^2 be the areas of the outer and inner polygons 
of n sides, 

-4i : A^ :: tan— : sm — cos— :: 1 : cos*—; 

n n n n 

.•. i- or tan* — « ss tan* — ; .•. n « o. 

^ o ^2 w 

9. Fig. (25). Let A^ B be the points of observation, 
C, 2> the headlands, AE^ CE' lines drawn eastward. 



JBD = J5 - 12 miles ; .-. CB = 12 cosec — = 12 V -4^ ' 

2 v/2-1 

.-. CD^y/CB" + 51>^« 12 s/^J^lzl « 12 V'7 . 4y/i, 

and Z JS'CD « 450 - sin"^— -- = 450 - cosec"^ \/7-4v/2. 

ox/ 

10. Retaining the notation of (8), and putting n » 10, 



TT 



^1 : ^2 ■» 1 • cos* — = 1 : cos* 18® = 8 : 5 + y^5. 
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11. The cosecants being in harmonical progression, the 
sines are in arithmetical progression ; 

.'. sin ^ - sin B « sinB - sin C, and -4 + 5 + C = 180® ; 

A-k-B . A-^B B + C . B^C 
.'. cos sm es cos sm , 

2 2 2 2 

. C . A'B . A . B-C 

or sin — sm = sm — sm , 

2 2 2 2 

.A . C . A-'B . B-C 

sm — : sm — =s sm : sm ; 

2 2 2 2 

12. If a 8 each side, r » radius of the circle, t » tan 0, 

- = sm 2 = 2 sm 6 cos = ;:= , 

r i + r 

.•. a : 2 r = 2 ^ : 1 + ^. 

13. Fig. (26). If DE be the perpendicular from the 
vertex D on the base ABC, and EF perpendicular to ABy 
then DF is perpendicular to AB; and by symmetry E is 
equidistant from the sides of ABC. 

/• EF X (3a) B 2A?, (if /p 8 area of base, and a ■> each side), 

also & s= 1 o^ sin 60® = a* ^-— ; 

.'. DE* = DF« - £F« = (a ^]' - ^ - f \/i. A, 

2)JS=f 12i.Ari. 

14. • Fig. (27). Since F is the bisection of AB, and E of 
.4C, EF is parallel to fiC and = ^ 5(7, so for DJS and DIf'; 
and £DJ^ is an equilateral triangle a side of which « ^ side 
of ABC; 

.'. the radius of the circle inscribed in EDF^^ (that in ABO) 
Hence ri « ^r, so rg = ^rj, rs = ^rg, &c.... 



^". rj +r8 + r8 + ... ad iw/. * ^ (o + ^i + ••• ^ ) 



r. 
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15. See Hymebs^ Tbigokometby, p. {75). 

16. If 2 « 8 sum of the sides, a = SWy b « SWy c ■■ 6w, 

' B abc 45 

17. Since triangles on the same base are as their altitudes, 

Oa Ob Oc aOBC OCA OAB 
1^'^Yb'^'Cc^ ABC "^ ABC ■*■ ABC " ^' 

18. Fig. (28). If SB a each side o£ the square ; a, b the 
sides opposite to the angles A and By 

w AF BF or 

112 
.*. "■ + ^ =• — ) or a, 2 jr, 6 are in harmonical progression. 

19- If A^^ A\ be the areas of the polygons described in 
and about the same circle, 

A^ 8« ni^ sin — cos — , -4', « ni^ tan — , 

n n n 

3 J Af (^ •^* . ^TT 27r Stt ^, 

and -^„ X ^ ^ « I — r' I x sm — cos — x tan — — A^ ; 
8 t \2 / n n n 

•*. ^« is a mean proportional between A^ and A'^. 

8 i 

27r^ . 



1 1 1 I J 



2 cos 
Also -7" + -TT 



A^ A\ nr" 

8 



•i + T" 

. ^ -TT 2ir 

sm — cos — sm — 
\ n n n ^ 



2 '^_ 2 

.*. ^«, ^'„, ^'^ are in harmonical progression. 

H 
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180® T 

20. Each side = 2r sin = 2r sin 36® = - v/lD — 2 \/5^ 



^2\/io + 2\/5 k/5+\/5 



21. If O be the centre of the circumscribed circle, and 
R = radius, then a «= ^R sin ^, and so for b and c. 

22. If ay a be sides of the polygons of n, 2 n sides re- 
spectively, then 2na ^ na or a=2a'; 

^^m «^^ ^^m 

,\ ii sin — = 2ii' sin — , or R cos — = R \ ... (l) 
n 271 2n 

and since R\ r are the radii of the circles described about and 
in the same polygon of 2 n sides; .'. r' a ij" cos — ... (2) 

By (1) X (2), Rr' = R'\ 

Again, R + r « /? + ii cos - = 2ii cos^ — « 2r'. 

w 2n 

23. Six equilateral triangles, since each angle is 60^, will 
fill up space about a point. In a square each angle is 90®, 
therefore four will fill plane space about a point. In a regular 
pentagon each angle is 108®, and space about a point cannot be 
filled by any number of them. 

In a regular hexagon each angle is 120®; therefore three 
will fill the space about a point. 

900® 
In a regular polygon of seven sides each z = ; there- 
fore three such polygons placed with a common point will 
more than fill 360® : and so for all of more sides. 

Hence, an indefinite area, &c. a. e. d. 

24. For if not, let Aa^ Bby meet in O, join CO and 
produce it to meet AB in Cy then 

A^QC Ac A BOC Ch aAOB Ba 
ABOC^lsi" aAOB" Ah' "aAO'C' Ca" 
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therefore, multiplying together, we have 

Ac Cb Ba _ 

and comparing this with the given equation, we have 
Ac Ac Ac+Bc' Ac + Be 

Be Be Be Be 

AB AB r. f r^ 

or —-7 = — -— ; .'. Be «= Be. 
Be Be ' 

or the point e must be on the line CO produced, i.e., J a, 
Bby Oc meet in a point. 

25. Let O, O', (fig. 29) be the centres of the inscribed 
and circumscribed circles ; draw ON, & Nf perpendicular, and 
0'» parallel to AB -^ then 

Oa^ = On!" + an" ^{r^B cos Cf + {B sin C - r cot ^-4)% 
= i2^ + r« cosec*^ J - 2iir (cos C + sin Ccot^-4), 
or since r* = 4/?r sin ^AAn^B sin ^ C, (Ex. 2, p. 93) 

00'^ = fi^~2iir{ (1-2 sin* 1 C) + 2 sin ^ C cos ^ C cot | J 

- 2 cosec^-4 sin^Ssin^C}. 
= 5*-2fir + 45rcosec^^siniC{sin^5-cos^(il + C)} 
^R^" 2Rr, since sin ^ 5 = cos ^ (-4 + C). 

26. If 07 B this expression, and - « cos (b being < a 

when w is possible), 

1 /v/l - cosfl \/l +cos6\ 
y^a \ 1 + cos 9 1 - cos / 

1 sinie , ^,1 m 

= "7= — ii-^ (1 + ^^^ i ^)> 
v/2aCos'ie^ '^ 

or if tan*0 = cot' ^9, since tan (p may have any value, 

w = tan i^9 sec ^0 sec'^. 

\/2a 

H 2 
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27. n {(1 + 0?) - 1 } = (v/l +0?- 1) (v/l -ar + l), 
n (\/l +d? + l) = \/l - a? + 1. 

Solving this equation 

_ 4w (1 - n*) 

or putting n «= tan^a, w = sin 2 a. 

28. Let the circle inscribed in ABCD touch the sides 
AB, EC, CD, DA in E, F, G, H. Then, putting AB = o, 
5C - 6, CD = c, J9-4 = d, 

d + 6 = {AE + 2>G) + (CG + BE) - c + o. 

Also, if 

2« = a + 6 + c + d = 2 (a + c), or 2 (6 + d), 
area in second case = v(« ~ «)(«-*)(* — c) (« — d) 

29* This is the same as £x. 7, p. (81). 

«. . 27r ^-. 47r /- 

SO. Since tan — = - v/s, tan — «= \/s ; 

.-. tan^(27r + 0) + tan^(4^+^)=:^j4^jT0» 

.-. tan J0 + tan J (27r + 0) + tan ^(47r + 0) 

^ -^ 9- Stance 

« tan \Q . -f— . 

^ l-3tan*^d 

So cot ^0 + cot J (27r + 0) + cot J (47r + 0) 

^'^ 1 - 3 cot" ^0 ' 
and the product therefore ^ 

3 - tan'^0 3 tan«^0 - 1 
"^"l -3taD''|0 tan«^0-3 " ^' 
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SI. Fig. (SO). Let AB « S2 ft. be the pole, CD = 6 ft. 
the man, O the Earth's centre, and r its radius in miles ; join 

52), BD will touch the Earth's surface; and BE+ED « JEC 

nearly ; or, since BE = \/BA,Ba^ ED = \/DC.Dcj and arc 
AEC « 10 ft.. 



^ S X 1760 V 3 X 1760/ 

+ V z -^ i^r + ^1 = 10, 

^ S X 1760 V S X 1760/ 

or nearly y/r (y/ei + \/l2) = 10 \/3 x 1760; 

/- ,^\/s X 440 , /-^ 

or v^r- 10-^1-^^ (4-\/3), 

100 , ,- 

^ = ^ X (S X 440) X (19 - 8 y/s) 

— 4017.42 nearly. 

32. Fig. (SO). If jB be the observer's station, AB the 
ship's mast when first visible, then EB =12 miles, 

90 f 90 \ 

and nearly 12* « 2r + ] , 

•^ S X 1760 \ S X 1760/ ' 

176 

2r « 144 X ; 

S 

.-. r = 24 X 176 « 4224 miles. 



STATICS. 



COMPOSITION AND RESOLUTION OF FORCES. 

1. If P, Q, -ff be the forces 

P : Q : ii = sin (Q, i?) : sin (P, R) : sin (P, Q)* 

(Art. 11. Cor.) 

= sin 135^ : sin 120® : sin 105® 

= 2 : \/q : \/3 + 1. 

2. The tack being smooth the forces Py Q are equal ; 
and the direction of /?, the pressure on the tack, bisects the 
angle between the directions of P and Q ; 

P ^ sin(Q, J?) ^ sin^e ^ ^ 
i2 " sin (P, Q) " sine "^ cos^d' 

3. Fig. (31). The rod JB being without weight, the 
point B is kept at rest by 3 forces : the weight ( fV) of the 
body at B^ the tension (T) o{ the string BCy and the action 
of the rod in direction of its length ; 

T sin WBD cos CJB 
■' W " sin CBD " sin CBA ' 

and the sides of the triangle ABC being known, these angles 
can be found, and T can be determined. 

4. Fig. (32). If z JCP = e ; and CJ, PG be vertical ; 
and PT tangent at P: 

force of gravity in PT cos GPT sin 9 
PA cosGPA sin^e ^^ 2* 

* By (F, Q) is meant the angle between the diiections of P and Q. 
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5. Let ACW (fig. 33) be the string fastened at J^ 
BC s h the rod, and AB = a ; since the rod has no weight 
its action is wholly in the direction of its length, and therefore 
it bisects the angle ACW. 

Let e= jlCBX', 

sin (20--^ 
,6 \ 9,1 2cos»e- 1 

and — = 



" s,.(|-,) 



COS0 



cos* + — COS d = ^ ; 
2a ^ 

.-. cosd « — (- 6 + v/so^T^). 
4a 

6. If be the required angle, then the resultant of P 
and Q being ^ (P + Q), 

i (P + Q)* = P* + Q* + 2 PQ cos e, 

^ 2PQ-3P«-SQ' 

cos = -— • 

8PQ 

7. Let be the angle, SP and 2P the forces; and 
therefore y/sP x 2P = resultant, 

^ P»(3 x2) -gP'-^P' rr 

COS a = z rriFs; = " t^» 

2 (8 X 2) P* ^^ 

0= 125<».42'. 

8. ,Fig. (34) Let P represent the strength of each man ; 
then, resolving the forces along and perpendicular to the tree, 
the horizontal forces are 4P sin 6(fi or 2 P^^S towards the South, 
and 6P sin 45® or SP^2 towards the South East. (Art. IS). 
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Or, resolving the latter, S. and E., 

the whole horizontal force S. *■ (2 y/g + S) P, 

and E. -SP. 

Therefore if 9 be the angle between the direction of the 
resultant force and the East, 

tan e = 1^ (2 y/s + 3). 

9. Let S be the sum of the forces P^ Q; R their given 
resultant, a the angle between their directions : then 

/» + Q» + 2PQ cosa = B\ and P -^ Q ':^ S. 
Which equations give 

P « 1(5 + v/ii« cosec» ^a-S^ cot« ^a), 
Q - ^ (5' - v/iJ* cosec* ^a - *S« cot* ^a)- 

10. If P : Q : i? :: \/i+ 1 : \/6 : 2, then (Art, 10, 
Ex. S) 

-R* - P* - 0* I 

co8(P.Q) ^^^ :^-<=08l350. 

Therefore the angle between P and Q is 135^; so the angles 
between P and i2, and Q and i2 are respectively 120^ and 105^. 

11. Let C be the ring at the end of PC, JCW the string 
which, passing through C, supports the weight fF, (fig. 35). 

The ring being smooth the tension of ACW is the same on 
each side of C, 

.-. L ACB^BCW^9(fi^ABC\ 
.-. if JBC « 0, AB^ a, PC- 6, 

6 sin {180^-0- (9<y + g)} cos 20 

a" sin(9(y> + 0) cosS ' ^j 

.•. cos* cos d « i or cos = — (6 + v/sa* + 6* J . 

2a * 4a ^ ^ 



COMPOSITION AND RESOLUTION OF FORCB8, 121 

The radical is taken with a positive sign because 9 must 
be < 90^, 

12. Resolving in directions of 1 and 3, (fig. S6) 
JT « force in direction ofl=al+2x^-4x ■» 2 - 2y/S 



r= 3=3+2x 



\/i 1 /- 

-f 4 X -=s 5 + V S; 

2 2 

and if 9 be the inclination of the resultant to the direction of 1, 
tan0« — = -^(5 + v/3)(\/3+ 1)« -^(4 + 3v/i). 

13. The tension of each string must be equal and opposite 
to the resultant of the tensions of the other two : 

Let 9i 9-2 9s be the angles between 5 and 6, 4 and 5, 4 and 6 
respectively ; then (Art. 10, Ex. 3) 

4,« « 5« «. 6« 

cos 9i = — = - :?^ « cos 138®. 35' ; 

* 2 X 5 X 6 ^ 

.-. 9i = 138^ S5'; so 9^ = 97®. ll', 03 «= 124^ 14'. 

14. The tension at each point of the string » either 
weight (P) ; Fig. (37) 

.-. pressure on -4 « 2 P cos 60° ss P, and acts vertically. 

Pressure on P or C = 2Pcos (|- x 120°) « P, and it acti in 
a direction making an angle of 60" with the vertical. 

15. When three forces keep a point at rest, the sides 
of a triangle which are parallel to their directions will be 
proportional to them; consequently, if three forces, 3, 5, 9 could 
keep a point at rest, there would be a triangle whose sides are 
as 3, 5, and 9 ; which is impossible, since 3 + 5 is < 9. 



